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ABSTRACT. We make several observations on the Mycielski ideal and prove
a version of the perfect set theorem concerning this ideal for analytic sets: If
A C “2 is an analytic set all projections of which are uncountable, then there
is a perfect set B C A a projection of which is the whole space. We also
prove that (a modification of) an infinite game of Mycielski is determined for
analytic sets.

1. INTRODUCTION

For a € [w]“ and A C “2 let I'(A,a) be the infinite game for players I and II
in which both players choose consecutive elements of a sequence x € “2. Player II
chooses z(n) for n € a, and the other moves are done by player I. Player I wins if
x € A, and otherwise player II wins. This game was used by J. Mycielski [6] for
introducing new invariant ideals on “2 that are orthogonal to the ideals of sets of
Lebesgue measure zero and of meager sets. A. Rostanowski [8] introduced the next
two ideals related to this game:

¢y ={A C“2: (VYa € [w]”) player II has a winning strategy in I'(A4,a)},
Po = {AC“2: (Vo€ [W]*) Ala £ 2},

where Afla = {z]a : x € A}. The ideals €, PBo are translation-invariant o-ideals,
Po C &,, every set in € having the Baire property is meager, and every measurable
set in €5 has measure zero.

In this paper we make several observations on these two ideals and prove variants
of the perfect set theorem for them (Theorems and B.2). In the case of the
ideal €9, this perfect set theorem is the determinacy of a modified game for analytic
sets. Namely, let I'(4) be the following modification of the above game: At the
beginning of the game, player I chooses a € [w]*, and then the players follow the
rules of the game I'(4, a). Clearly,

¢y = {A C “2: player II has a winning strategy in I'(A)}.
Theorem says that the game I'(A) is determined for analytic sets A C “2.
We use the standard notation. If p C <“2 (or p C <“w) is a tree and s € p, then

we denote [p] = {z: (Vn)zIn €p}and p; ={t €p:sCtViCs}. Forse <¥2or
s € “¥w, [s] denotes the corresponding clopen basic set {z : s C z} in “2 or “w.
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Let us recall that s is the minimal cardinality of a set A C [w]“ such that for
every a € [w]“ there is b € A such that |a\ b| = |a Nb| = w; b is the least cardinal &
such that P(w)/fin is not x-distributive (see [5]).

2. THE IDEAL P,

The ideal 95 is called the Mycielski ideal (see [8] and [3]). We consider the
following subideal Zj of B3, defined by

To={AC“2: (Va € [w]*)(3b € [a]”) |Alb] < w}.
This is the o-ideal Zx defined in [7] for the sequence of open sets X = (U, : n € w)
with U,, = {x € “2: 2(n) = 0} where
Iy ={ACY2:(Macw¥)(TBbela“)ACU N U,UU N “2\U,)}.

m neb\m m neb\m
Theorem 2.1.
(i) For every cardinal number k with w < k < s,

To = {AC“2: (Va € [w]*)(3b € [a]*) |AD] < &} C P

(ii) s =min{]A4]| : A C“2 and A € Pa\ Zp}.
(iii) add(Zo) > b.

Proof. (i) The inclusions from left to right and the first equality are consequences of
definitions. The only nontrivial part is the inequality C. Consider a base matrix B
in [w]* (constructed in [I]). Every projection Bla again is a base matrix in [a]*
and has the size of the continuum. Therefore B € 5 \ Zo.

(ii) Every set of size < s is in both 5 and Zy. If s < ¢, then any splitting family
of size s is in Po \ Zp. If s = ¢, then the set of the size of the continuum (base
matrix) used in the proof of (i) belongs to Ps \ Zo.

(iii) The inequality add(Zy) > b is due to the fact that A € Zy if and only if the
set {a € [w]¥: (Vx € A)(V*°n €a)z(n) =0V (V*°n € a)z(n) = 1)} is open dense
in P(w)/fin. O

Another example of a set belonging to PBs \ Zy is constructed in Theorem (3]

Now we prove a version of a perfect set theorem, which in a particular case says
that if every projection of an analytic set in “2 is uncountable, then it contains
a perfect set a projection of which is the whole space.

Theorem 2.2. If an analytic subset of “2 is not in Iy, then it contains a perfect
set that is not in Pa. Hence there is no analytic set in Po \ Lo.

Proof. Let A C “2 be analytic, and let A ¢ Zy. Let f be a continuous mapping
from “w onto A. Let {u, : n € w} be an enumeration of <“w, and by induction on
n € w let us construct a sequence of infinite sets a,, C w such that
(i) (Vb € [ao)) |ATY] > w,

(i) (v € w)(|f([un])tan| < w Vv (Vb € [an]) [f([un])[b] > w), and

(iii) (Vn € w)ant+1 C ap.
Condition (i) is due to the assumption that A ¢ Zy, and condition (ii) is due to the
fact that either f([uy))lan—1 belongs to the ideal Zy (in “»~12) or not. Let a € [w]*
be a pseudo-intersection of {a, : n € w} and let T = {u € <“w : |f([u])[a] > w}.
For every u € T and every b € [a]“,

FATDT0 2 f([u)) 16\ U{f (D10 : v € =“w\ T},
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and therefore

(2.1) (Vu € T)(V0 € [a]*) [f([Tu])1b] > w.

For u € T let p™ = {s € <“2: [s] N f([To]) # 0}, i.e., F([Tu]) = [p™]. Then

(2.2) (Vu € T)(V®°n € a)(3s1, 52 € p™ N"H12) 51(n) # so(n),

since otherwise there exists an infinite set b C @ such that |[p(*®][b| = 1, which

contradicts (2I). Condition (ZZ) enables us to construct, by induction on n = |s|
for s € <2, an infinite set b = {k, : n € w} C a with ky+1 > k,, and systems
X ={us:s5€ W2} CT, Y = {t; : s € <¥2} C <¥2 so0 that uy = 0 = ty,
te—0,ts—~1 € p™) N*r+12 are such that ts~i(kn) =i for i =0, 1, and us~g, us~1 €
T, are such that f([Ty.~,]) C [ts~s] for s € "2 and i = 0, 1. Clearly, t; C ts~;.
The systems X and Y determine perfect trees in <“w and <“2, respectively, namely
the trees

To={ueT:(FveX)uCuv}, po={s€<Y2:(FteY)sCt}

Hence the sets B = [Tp] and C' = [pg] are perfect compact, and clearly C' C A, since
C = f(B). From the construction of Y it follows that C'[b = 2. O

Corollary 2.3. The union of less than b analytic sets from Bo is in Po. (]

Let P be the set of all perfect trees in <“2. For n € w and p € P we define
p<pqifpCqgandpnN™2=gN"2. Aset D C P is said to be w-dense if for every
tree p € P and every n € w there is ¢ € D such that ¢ <,, p.

In [7] it was said that an ideal Z on “2 is tall if it contains all singletons and
every perfect set A C “2 has a perfect subset in Z. Let us recall that the condition
in this definition concerning perfect sets is the so-called property (P) introduced by
M. Balcerzak and studied in a number of papers; see, e.g., [2] for references.

In [7] the question arose whether the ideals Zx defined for various sequences
of open sets are tall. The referee has kindly informed us that this is not true,
because W. Degbski, J. Kleszcz, and Sz. Plewik in [4] have proved that the ideal s
(and hence also Zp) does not have property (P). Anyway, we can make several
observations in this direction. Let us note that if Z is a tall ideal on “2, then for
every p € P there exists ¢ <,, p such that [¢] € Z, i.e., the family of perfect trees
Dz ={pe P:[p] €1} is w-dense in P.

Theorem 2.4.

(i) The ideal Zy contains perfect sets. In fact, for every set B € Py there is
a perfect set A € Iy disjoint from B.

(ii) For every perfect tree p C <2 there are a perfect tree ¢ <, p and ¢ € [w]*
such that for every a € [c]“ there is b € [a]* such that [q][b is countable
(hence [g]lc € Ty inside 2).

Proof. (i) Let {sy, : n € w} be the enumeration of <“2 defined recursively by so = 0,
Sont+1 = 8,0, Sapy2 = s, 1. The set
A={ze“2: (Vn)[z(0)=1A(z(n)=1—-z2n+1)+22n+2)=1)
Az(n)=0—z2n+1) =z(2n+2) =0)]}
is a perfect set (whose corresponding tree in <“2 has exactly one branching node

at each level), and the family a, = {n: 2(n) = 1}, € A, is an almost disjoint
family in [w]* coding all branches of <2 via the above enumeration. Hence for
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a given set a € [w]“ either b = a is almost disjoint from every a,, x € A, and then
(Vz € A)(V*®°n € b) x(n) = 0, or there is zy € A such that b = a N ay, is infinite,
and then (Vz € A, z # x0)(V>°n € b) x(n) = 0; hence A[b is countable.

Now we prove that for every set B € s there is a perfect set A € Ty disjoint
from B. Let a € [w]¥ be a set with infinite complement such that Bla # %2, and
let y € “2 be such that yla ¢ Bla. Let w : “2 — “\@9 be the homeomorphism
induced by the one-to-one mapping from w onto w \ a. Let Ay € Zy be a perfect
subset of “2. Then the set A = w(A4p) x {y[a} is perfect, A is disjoint from B, and
Ael.

(ii) If [p] € P2, then [p] € Zy and the assertion holds for ¢ = p and ¢ = w. The
case [p] ¢ Ps is nontrivial. First let us prove the following weaker property:

(2.3) For every perfect set B ¢ s in “2 there are a perfect set A C B and ¢ € [w]¥
such that for every a € [¢] there is b € [a]* such that A[b is countable.

Since B ¢ Po, there is a set ¢ € [w]¥ such that Blc = 2. By assertion (i) there
exists a perfect set C' C °2 such that for every a € [¢]“ there is b € [a]* such that
C'1b is countable. The set {x € B : z[c € C} is an uncountable closed set; let A be
a perfect subset of it.

Let us assume that [p] ¢ Pa. Let {s; : i < m} = pN™2. By induction, using ([Z3)),
we can find infinite subsets of c_1 = w, ¢g D ¢1 D -+ D ¢y, and perfect trees ¢; < py,
so that if [ps,|[ci—1 € Po in “-12, then ¢; = ¢;—1 and ¢; = ps,, and if [pg,][ci—1 ¢ Po
in %-12, then ¢; < ps, and ¢; are such that (Va € [¢;]°)(3F € [a]¥) |[¢:][b] < w. Let
c=cp and ¢ = U<, G- O

Next we present some perfect sets A C “2, discerning the case when almost all
projections are countable from the case when almost every projection is the whole
space.

Fact 2.5.

(i) For a finite partition A of w there is a perfect set A C “2 such that Ala = *2
for all a € A.
(ii) There is a perfect set A C “2 such that (Va € [w]*)(3b € [a]*) Alb = "2 and
there is no finite partition A of w into infinite sets such that Ala = “2 for
all a € A.
(iii) There is a perfect set A C “2 such that for some set ¢ € [w]* the following
conditions hold true:
(a) |Alc| > w and (Va € [¢]*)(3b € [a]¥) |ATD| < w,
(b) (Va € [w\ *)(3b € [a]*) Alb =12, and
(¢) Al(w\ ¢) # “\°2 and there is no finite partition A of w\ c into infinite
sets such that Ala = 2 for all a € A.
(iv) There is a perfect set A C “2 such that there is no set ¢ € P(w) such that
(a) (Va € [d¥)(3b € [a]*)|ATb] < w, and
(b) (Va € [w\ *)(3b € [a]*) Alb = b2.

Proof. (i) For a € A let e, : w — a be a one-to-one mapping from w onto a. Let
A={zxe“2: (Va,b e A)(Vn € w)z(eq(n)) = xz(ep(n))}.
(ii) Instead of w we consider w X w. Let us denote
A= {w €= (Vi j,n) ali,n) = a(j,n) V (i, n) = o(j,n + 1)}
— {w € 9% (Ff,m)a(jyn) = 2, n + 1) — () 2(i,n) = 20, )},
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A is a perfect subset of “*«2,

For every i € w, A]({i} x w) = {¥#X“2, To see this, let zo € 11*“2 be arbitrary.
Define z € A with g C « by z(j,n) = z(i,n) for all j,n € w.

Furthermore, we show that if ¢ C w X w is a function, then Ala = ¢2. Let
a C wXw be a function. Without loss of generality, let us assume that dom(a) = w.
Let g € “2. There is ¢ € “*¥2, © D mg, defined by z(i,n) = zo(4,a(i)) if
n — a(i) is even and z(i,n) = 1 — 2o(4,a(i)) if n — a(i) is odd. Then x € A, since
z(j4,n) #z(j,n + 1) for all j,n € w.

Now we can see that (Va € [w x w]*)(3b € [a]*) AJb = ®2. This is because either
for some n the set b = a N ({n} x w) is infinite, or in the opposite case the set
b={(i,n) € a:(¥Ym < n)(i,m) ¢ a} is an infinite function and by previous cases
Alb = 2.

We now prove that there is no finite partition A of w X w such that AJa = *2 for
every a € A. So let us assume that A is a partition of w X w and |A| = k. By the
Ramsey theorem w — (w)?, there is an infinite set b C w such that {(m,n) € bx b:
m > n} C ag for some ag € A. We show that for a = {(m,n) € bxb:m > n} we
have Ala # *2, and hence Afag # *°2. Let ¢ > j > m > n be fixed elements of b
and let zp € 2 be any function such that zo(i,n) # zo(j,n) = 0, and

. i m— s odd
o) iy = o) s o
xo(4,n) if m —n is even.

Let us assume that there is an « € A such that « D zg. Since z(i,n) # x(j,n), then
z(i,n) # z(i,n+1), z(j,n) # x(j,n+1), and consequently z(i,n+1) # x(j,n+1).
Using the same argument again, we see that x(i,n) = z(i,n + 2), and by induction
on p € w we get z(i,n) = z(i,n + 2p) # z(i,n + 2p + 1), which contradicts ([2:4).
Therefore Afag # #02.

(ili) Instead of w we consider the countable ordinal w + w and the countable
interval of ordinals [w,w + w). Let A; be a perfect set such that A; € Zy, and let
Ay C [ t9)2 be the perfect set from case (ii). Then A = {z € “t2: zjw € A,
and r|[w,w+w) € Aa}, as a perfect subset of “T“2, has the required property, with
w + w instead of w and with ¢ = w.

(iv) Let us consider the set w x w instead of the set w, and let

A={ze“*¥2: (Vn,m e w)z(n,m+1) =xz(n,m)}.

Let a, = {(n,m) : m € w}. Clearly, |Ala,| = 1. Let us assume that there is
a set ¢ € P(w x w) satisfying (a) and (b). Then, according to (b), for every n,
¢ contains almost all elements of a,. Let a = {(n,m) € ¢ : (Vk < m)(n,k) ¢ c}.
Then Ala = *2. But since a C ¢, this proves that ¢ does not satisfy condition (a),
a contradiction. d

3. THE IDEAL €y

For a € [w]“ let
Coq={AC¥2: (Vb€ [a]”) player IT has a winning strategy in I'(A,b)}.

Clearly, €5, is a o-ideal and €3 = €5 , N &y 0\, for every a € [w]¥. The following
holds true:
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Lemma 3.1. If player II has no winning strategy in I'(A,a) and B € €34, then
for every b € [a]* with infinite ' = a \ b, player II has no winning strategy in
T'(A\ B,b).

Proof. Let us assume the lemma fails for b C a. Then there are winning strategies
S and S’ for player IT in T'(A \ B,b) and T'(B, '), respectively. Then the strategy
of player II which follows S for n € b and S’ for n € V' is a winning strategy of
player IT in T'(4, a), a contradiction. O

Notice that player I has a winning strategy in the game I'(A4) if and only if there
are an infinite set @ C w and a perfect tree p C <2 with [p] C A in which every
branch ramifies on all levels n € a. It turns out that the analogue of the perfect
set theorem corresponding to Theorem [2.2] for this ideal is the determinacy of the
game I'(A) for analytic sets:

Theorem 3.2. If A is an analytic subset of “2 such that A ¢ €5 ,, then there
exists b € [a]® such that player I has a winning strategy in the game T'(A,b). In
particular, the game T'(A) is determined for analytic sets A C “2.

Proof. Let A C “2, and let f be a continuous mapping from “w onto A. Let us
assume that A ¢ € ,, and let ap C @ be such that II has no winning strategy
in T'(4,a9). Let {u, : n € w} be an enumeration of <“w with ug = @, and by
induction on n € w let us construct infinite sets a,+1 C a, such that for every
n € w, either f([uy]) € €24, or player IT has no winning strategy in I'( f([un]), an)-

Let ¢’ C a be an infinite pseudo-intersection of the system {a, : n € w}. It
follows that player IT has no winning strategy in I'(A,a’), and for every n € w,
either f([u,]) € €5 4, or there is m € w such that player IT has no winning strategy
in D(f([ua]), 0’ \ m).

Let T ={u € ““w: f([u]) ¢ €24 }. We have

FAT]) 2 F() NULf(I]) s v € =2 and f([v]) € €.0'}

Let a” € [a’]* be such that a’\a” is infinite. Since €3 4 is a o-ideal, using Lemma 3]
we can easily see that

(3.1) (Vu € T)(3Im € w) player II has no winning strategy in I'(f([Ty]),a” \ m).

For u € T let p™ = {s € <*2: [s] N f([T]) # 0}. By induction on n = |s
for s € <“2 we define an infinite set b = {k, : n € w} C a” with k,41 > k, and
systems X = {us:s€ W2} CT,Y = {t;: s € <¥2} C <“2 s0 that up = 0, and
for every s € <¥2,

(i) if |s| = n, then t, € p(ts) N Fn2,
(i) t7°0,¢,°1 € p) | and

(iii) f([Tu.~,]) C[tsd] for i =0, 1.

Let us assume that us for s € ™2 have been constructed. By ([Bl) there is m such
that player I has no winning strategy in any game I'(f([T,.]), a” \ m) for all s € 2.
If n > 0, we take such m > k,,—1. Let k, = min(a” \ m). Then for every s € ™2
there is ty € p(*s) N #»2 such that t;0,t1 € plts) (otherwise II wins in his first
move). Hence conditions (i) and (ii) are fulfilled. Using the continuity of f, there
are us—~o and us~1 so that (iii) is fulfilled.

Clearly, t; C ti C ts~; and us C ug—~;, and the systems X and Y determine
perfect trees Ty and pg in <“w and <2, respectively. The corresponding perfect
sets B = [Tp], C = [po] are compact, and, since C = f(B), C C A. The perfect
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tree pg has the property that a node in pg is a branching node if and only if it is
on the level k,, for some n. Hence the winning strategy of player I in I'(A,b) is to
follow any branch in the tree py. O

The following lemma has no particular importance, but we need it in the proof
of Theorem 4] (namely Claim 7).

Lemma 3.3. If p C <“2 is a perfect tree in which the value 1 appears only at
branching nodes and a € [w]* is such that for every t € p, [pt]la has a nonempty
interior in *2, then there is b € [a]* such that player I has a winning strategy in

I'([pl, b).

Proof. For every t € p, since [p¢|[a has a nonempty interior in *2, for all but finitely
many n € a there is t' € pN"~'2 with ¢ D ¢ such that ' ~1 € p. Since the value 1
appears in p only at branching nodes, for all but finitely many n € a there is
a branching node t' € pN™~12, ¢’ D t. Therefore, by induction we can construct an
increasing sequence ky,,, n € w, and t, € pN*»~12 for s € "2 such that t,7i C ty—;
for i =0, 1. Let b = {k, : n € w}. Then the strategy of player I to follow any
branch in the tree generated by the system {t; : s € <“2} is a winning strategy in
the game I'([p], b). O

4. ISOMETRIC IMAGES OF SETS

In what follows, by a metric on the Cantor space “2 we mean the metric d defined
by d(z,y) = 2~ mirtne()Zy()} for oy € “2, x # y. Let F be the family of all
bijective mappings ¢ : <“2 — <¥2 such that for every s,t € <¥2,

(i) [e(s)] = [s], and

(ii) s C t implies p(s) C ©(t).
Every isometric function f : “2 — “2 is a homeomorphism of the form f, where
fo(@) = U,e,, w(@n). Clearly, fo!' = f 1.

Lemma 4.1. If A,B C “2 and B is isometric to A, then for every a € [w]¥,
player I (player II) has a winning strategy in T'(A,a) if and only if he has one in
I'(B,a). Consequently, A € €5 if and only if B € €.

Proof. Let B = f,(A) for some ¢ € F, and let F' : <“2 — {0,1} be a winning
strategy for player I or player II in the game I'(A,a) where a € [w]*. Then the
function F’(s) = ¢(p 1 (s) " F(p~1(s)))(n), s € "2, n € w, is a winning strat-
egy for the same player in I'(B, a), because if z(n) # F(z[n), then f,(z)(n) =
p(zln=a(n)(n) # p(zin~F(zln)(n) = F(p(zln) = F/(f5)In). 0

Theorem 4.2. The ideal Bs is not closed under isometric images. In fact, every
uncountable analytic set in “2 is isometric to a set that does not belong to Po.

Proof. Since every uncountable analytic set contains a perfect subset, it is enough
to prove the theorem for perfect sets. Clearly, every perfect set A C “2 is isometric
to a perfect set B C “2 such that in its corresponding perfect tree p C <“2 the
branches have the same values at all nodes between any two successive points of
ramification. Then, as in the proof of Theorem 3.3 of [8], let a = {ng,n1,...} be
an increasing sequence of natural numbers such that for every s € ™12 N p there
is a branching node above s before level n;;1, and then Bla 2 [p]la = ?2. O
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If a set A C “2 has size < ¢, then all its isometric images belong to 2. This
fact together with the previous theorem suggests the question of whether there is
a set A C “2 of size ¢ all isometric images of which belong to 2. The next theorem
partially answers this question.

Theorem 4.3. If the covering number of the ideal of meager sets or of the ideal of
measure zero sets is ¢, then there is a subset of 2¥ of size ¢ every isometric image
of which belongs to Pa \ Zo.

Proof. Let {(aa,¢a) @ @ < ¢} be an enumeration of [w]¥ x F. Since the sets
Az oo ={ye“2: foly)la = fo(z)la}, for x € “2, a € [w]¥ and ¢ € F, are meager
sets of measure zero, using the assumption of the theorem on the covering number
of such sets, we can inductively define reals z,, y, for a < ¢ so that

(41) e € WZ \ U{Axﬁ7a'yv¢"y U Ayﬁaawa‘Pw : ﬁ)’y < Oé},
and
(4.2) Yo €92\ U{Am,aww UAysay.ey YUAaaane, t 0,7 < al.

Let A= {zs:a <c}. Ifa>f >, then 24 ¢ Aszya,,p, and hence f, (z4)lay #
fo,(xp)ay. Therefore, |f, (A)la,| = ¢ for every v. Also, f, (yy)[ay & fo. (A)la,
for every =, since f,_ (yy)lay # fo,(za)lay by @I), for o > 7, and by @2) for

a <. [l
Theorem 4.4. Let A C“2 be a closed set. Then A € & if and only if
(4.3) (Va € [w]*)(3b € [a]*)Fp € F) | fo(A)[b] < w.

Proof. If b € [w]¥ and ¢ € F are such that f,(A)[b is countable, then there is
a winning strategy for II in I'(f,(A),b). By Lemma ET], then there is a winning
strategy for II in I'(A,b). Therefore the condition in the theorem implies that
A€ ¢,

Conversely, let A € €3 and a € [w]“ be arbitrary. Let p C <“2 be the tree such
that A = [p]. We find b € [a]* and ¢ € F such that f,(A)[b is countable.

By induction on n € w let us define trees p,, C p and a,, € [a]* with p,+1 C py,
and a, 11 C a, as follows: Let pg = p and ay = a. Let us assume that p,, and a,, are
defined. If there are s € p, and ¢ € [a,]* such that for some ¢ € F, [o((pn)s)]lc
is countable let s, be such an s of minimal length, let a, 11 be the corresponding
set ¢, and let pry1 = pn \ {$ € pn = 8 2 $p}. If there is no such s € p, (e.g., if
Pn = @), then let ppy1 = pn and ant1 = an.

Let b C a be an infinite pseudo-intersection of all a,, n € w, and let w, < w be
the maximal ordinal such that p, # p,41 for all n < w,. Thus, for every n < wy,
Sy, is defined and

(4.4) there is ¢, € F such that [p,((pn)s, )] is countable.

For any m € w and ¢ € F there is ¢, € F such that [@4) holds and ¢, (s) = ¢(s)
for |s| < m.

Claim 4.5. |s,| < |sp4+1| whenever n+ 1 < wy.

Proof. Let m = max{|sp|, |sn+1|} and let ¢n, pny1 € F be such that ¢,(s) =
Ont+1(s) = s for |s| < m and (@A) holds for n and n + 1. Then (¢n[(pn)s,) U
(@ns1l(Prt1)s,sy) is a function, and hence it can be extended to a ¢ € F. Clearly,

[e((Pn)s, U (pn+1)sn+1)”c = [on((pn)s,)]lc U [‘Pn+1((pn+1)sn+1)] [c is countable.
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Since pn = (Pn)s, U Pnt1, we have (pn)s,.1 € (Pn)s, U (Pnt1)sny.» and hence the
inequality |sn+1| < |sn| would contradict the minimality of |s,|. O

Let q = mnEw pn~

Claim 4.6. If ¢ # 0, then q is a tree, and for any s € q, ¢ € [b]¥, and ¢ € F, the
projection [o(qs)][c is uncountable.

Proof. If w, < w, then there is n such that ¢ = p, = p,+1, and the claim holds by
the definition of pp4;.

,Let w, = w. To obtain a contradiction, let us assume that for some t € ¢,
c € [b]¥, and ¢ € F, the projection [¢(gs)][c is countable. Let us fix an m such
that |t| < |sm|, and let ¢, € F for n € w be such that ¢,(s) = (s) for |s| < |sp]
and (Z4) holds for all n. By Claim E5] s,, n € w, are pairwise incompatible,
and hence (©[q) U U, c.,(@nl(pn)s,) is a function. Let ) € F extend it. Now
P = qUUpco@Pn)s,, t € ¢ € pm, and (pm)r € ¢t U U, e, (Pn)s,-  Therefore,
[W((pm)e)]Te € [0(g:)]Te U U, ewlon((Pn)s, )]c is countable, which contradicts the
minimality of |s;,]. d

Claim 4.7. ¢ = 0.

Proof. Let us assume that g # ), and let us define ¢ € F by induction as follows:

(1) (@) =0.

(2) If for some i € {0,1} we have s7i € g and s (1 — i) ¢ g, then p(s71) =

©(s)70 and @(s™ (1 —4)) = p(s)" 1.

(3) Otherwise, @q(s™i) = p(s) i for i =0, 1.
It follows that in the tree ¢’ = ¢(q) the value 1 appears only at branching nodes.
Using Claim L6 we can construct a centered system {cs : s € ¢} C [b]* such
that [¢.]lcs = °°2, and let ¢ C b be an infinite pseudointersection of ¢,’s. Then for
every s € ¢/, [¢.]|c has a nonempty interior in “2. By Lemma B.3 there is d € [c]*
such that player I has a winning strategy in T'([¢'], d). By Lemma B, player I has
a winning strategy in I'([¢g], d) and hence also in T'([p], d). This is a contradiction,
since [p] € €5. Therefore g = (. O

Hence p = J{(pn)s, : m» < wp}. Let p, € F for n € w be such that p,41(s) =
on(s) for |s| < |s,| and ([@4) holds for all n. There is ¢ € F that extends all

“nl(Pn)s,, and then [p(p)]1b = U{[¢n((Pn)s,)]Ib : n € wp} is countable (i.e.,
so =0, w, =1, and p; = 0). This finishes the proof of Theorem A7 O

We do not know whether Theorem [£4] can be generalized for Borel or even for
analytic sets, and neither do we know whether condition (#3)) can be replaced by
(Fp € F) fo(A) € Ba. Let us define

P ={f,(4): Ae Py and p € F}.
Then Po C P53 C €. The next questions are open: Is P5 = €7 Is P5 an ideal?
Is the o-ideal generated by 3 equal to €57
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