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Abstract

In [Topology Appl. 41 (1991) 25] we have introduced the notion of a wQN-space as a space in
which for every sequence of continuous functions pointwisely converging to O there is a subsequence
quasi-normally converging to 0. In the present paper we continue this investigation and generalize
some concepts touched there. The content is a variety of notions and relationships among them. The
result is another scale in the investigation of smallness and the question is how this scale fits with
other known scales and whether all relations in it are proper. © 2001 Elsevier Science B.V. All rights
reserved.
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0. Introduction

In [6] we have introduced the notion of a wQN-space as a space in which for every
sequence of continuous functions pointwisely converging to O there is a subsequence quasi-
normally converging to 0, i.e., the wQN-space does not distinguish pointwise and quasi-
normal convergence. The motivation for introducing this notion comes from the theory
of thin sets of trigonometric series and actually our knowledge about wQN-spaces was
used in [5]. The idea to study spaces which do not distinguish two kinds of convergence
is not new. Iséki’s characterizations of pseudo-compactness (see [16,4]) and of countable
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compactness [15] in terms of quasi-uniform or simply-uniform convergence can serve as
examples. The referee has informed us about two other sources which show the importance
of such study: [19], where Kli§ considers normed spaces in which every sequence
converging to 0 has a summable subsequence; and a Mathias’ theorem [30, Theorem 31]
which characterizes closed subsets of separable Banach spaces as those analytic subsets
with the property that each sequence converging to O has a summable subsequence.
Sometimes related notions were studied from another point of view. Fremlin [13] has
investigated a notion of an s1-space. Scheepers [26] has introduced an S1 (I, I") property
of a space. Then in [28], Scheepers shows that every space with S; (I, I") property is an
s1-space and every s;-space is a wQN-space. Moreover, a Lindelof wQN-space is an s1-
space.

The paper is organized as follows. In Section 1 we introduce in a rather systematic way
several definitions of spaces not distinguishing some types of convergence and we present
basic relations among them (the considered class of functions F is arbitrary). Section 2
contains some applications of previous results to the class F of Borel measurable functions.
Sections 3 and 4 are devoted to the study of mQN-spaces. The main results of Section 5 are
presented in Theorem 5.10. The title of Section 6 indicates its content. Here we investigate
the properties of spaces related to X'- and X *-convergences. Diagram 2 summarizes results
of previous sections. In Section 7 we present some examples of spaces with investigated
properties.

We use the standard terminology and notation. For topological terminology see,
e.g., [11]. Let us recall that a sequence of real-valued functions {f,,}°° ; quasi-normally
converges to a function f on a set X if for some sequence of positive reals {e,},~, with
lim;,—, 0 &, = 0 we have (Vx)(Y*®n) | f,(x) — f(x)| < &,. Replacing positive reals &, by
&, = 0 we obtain the discrete convergence (see [3,7]). We generalize a notion considered
by Denjoy [9]. We say that a sequence of real-valued functions { f,,}°° , pseudo-normally
converges to a function f on a set X if for some sequence of positive reals {e,},2, with
Z;’fzo &, < 00 we have (Vx)(Y®n) | f,(x) — f(x)| < &,. Denjoy considers the case f =0
and speaks about pseudo-normal convergence of the series > . f,. We shall need the
following standard families of real-valued functions defined on a topological space X:

MX) ={fe XR: f is Borel measurable},
Mi(X) ={fe€ XR: f is F, measurable},
Ami(X) = {f € XR: f is Fy; N G5 measurable},
Bi(X) ={fe XR: f is a pointwise limit of continuous functions},

Di(X) ={fe XR: f is a discrete limit of continuous functions}.

Clearly D1(X) € Am(X) € M(X) and M (X) = Bi(X) whenever X is perfectly
normal. Let us remark that D;(X) consists of quasi-normal limits of sequences of
continuous functions. Let us note that every perfectly normal space (regular is enough)
with a countable base of open sets is separably metrizable (see [11]). We use both these
equivalent formulations according to which is easier to deal with.
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1. Some properties of spaces

Let F be a class of real-valued functions such that
(F1) all constant functions are in F;
(F2) (Vf.geF) f—geF;
F3) VfeF)IfleF;
(F4) VfeF)(Vn=>0) f/lneF.
For a topological space X we set F(X) = F N XR. Let f, f,: X — R for n € . We
consider the following four kinds of convergence of the sequence { f,}7°, to f:
(P) pointwise convergence on X,
(QN) quasi-normal convergence on X,
(2) Yool fux) = f(x)] < oo for x € X,
(X*) pseudo-normal convergence on X.
The sequence of functions in the above conditions may satisfy any of the following
hypotheses (F is a given class of functions):
F) fneFX)fornew, f=0;
(F) fn € F(X)forn € w, fis arbitrary;
(FY firt < fu fueFX) fornew, f=0;
(FYY fort < fus frn € F(X) forn € w, f is arbitrary.

Definition 1.1. Let o be any of the hypotheses 7, F, F*, ¥ and let 8, y be any of the
convergences P, QN, X', X*.

(1) A space X is an afy-space if whenever functions f,, f: X — R, n € w, satisfy
condition (e), and the sequence {f,},;2, B-converges to f, then the sequence
{fu}i2 v-convergesto f.

(2) A space X is a weak afy-space (shortly wa By-space) if whenever functions
fu, f:X — R, n € w, satisfy condition (@), and the sequence { f,}7°, B-converges
to f, then there is an increasing sequence of integers {ny}7° , such that the sequence
{fui 12 v-convergesto f.

If G is another class of functions and F is closed under substitutions from G (i.e.,
whenever g € G, g: X — Y, and f € F(Y), then the composition g o f belongs to F (X)),
then every of the defined properties is preserved by images of functions from G. For
example the Baire class of functions B1(X) is closed under continuous substitutions and
so a continuous image of a 3;PQN-space is a BiPQN-space.

Lemma 1.2. Every monotone X -convergent sequence of functions is QN-convergent.

Proof. Let f, € F, fu+1 < fu, and ZZOZOL}‘n(x) — f(x)] < oo for x € X. Then for
all x € X for all but finitely many n we have |f,(x) — f(x)| < 1//n. Otherwise for
infinitely many n we have (Vi < n) |fi(x) — f(x)| > |fu(x) — f(x)| > 1/4/n and so
Yiolfit) = f@)] = Va. O
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Remark 1.3.

(a) Every aBy-space is a wa Sy -space.

(b) Every space is an o 8 B-space and a wa S B8-space (therefore we will consider only
the possibilities with 8 # y).

(c) Let f, =1/(n+1) for n € w be constant functions. This sequence converges quasi-
normally but does not X'-converge. Therefore every non-empty space is neither an
a B X-space nor an o 8 X *-space for any « and for 8 =P, QN.

(d) QN-convergence and X-convergence imply P-convergence. Hence every space is
an « BP-space and a wa SP-space for 8 = QN, X, X*.

(e) X*-convergence imply all other mentioned convergences. Therefore every space is
an o X* B-space and a wa X * B-space for 8 = QN, X.

(f) By Lemma 1.2 every space is an o« X QN-space, a wo XY QN-space, and a wa X X*-
space for « = FboFL

(2) Every space is a weQN X*-space and a waQN X -space for @ = F, F, F¥, Ft.

Now by (b) we consider 4 - 4 - 3 = 48 possibilities in Definition 1.1(1) and the same
number in Definition 1.1(2). By (c) we have to remove 4 - 2 - 2 = 16 possibilities in
Definition 1.1(1); by (d) we remove 4 - 3 = 12 possibilities in both definitions; by (e) we
remove 4 - 2 = 8 possibilities in both definitions; by (f) we have to remove 2 possibilities in
Definition 1.1(1) and 4 possibilities in Definition 1.1(2); by (g) we remove 8 possibilities
in Definition 1.1(2). From this computation we can conclude that in Definitions 1.1(1)
and 1.1(2) there are 10 =48 — (164+12+8+2) and 16 = 48 — (12 + 8 +4 4 8) possibilities
left, respectively. By the results presented below some of the so obtained properties
coincide:

FPQN, FPQN, FXQN, FXQN, Fltxx* Flxz*

FIPQN = wF'PQN = wFIPX* = wFIPY (Lemma 1.5(1), (2)),
FIYPQN = wF'PQN = wFIPX* = wFIPY (Lemma 1.5(1), (2)),
FrXy*=FxX¥* (Lemmal.7),

wFPQN =wFPX* (Lemma 1.5(2)),

wFPQN = wFPX* = wFPY (Lemma 1.9),

wFPX,

wFXQN=wFXX* (Lemma 1.5(3)),

wWwFYXQN=wFXX* (Lemma 1.5(3)).

Convention 1.4. Let us remark that the letter P is not used at the end of any prefix of ¢ Sy -
space in the above possibilities. To simplify the notation we shall always write oy -space
instead of o Py -space and wa y -space instead of wa Py -space.
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Every space of cardinality less than b is an FQN-space and (by Bartoszyiiski’s
characterization [1] of additivity of Lebesgue measure in terms of convergent series) every
space of cardinality less than the additivity of Lebesgue measure is an F X' X*-space.

Lemma 1.5.
(1) «QN =waQN =wa X fora =F', F.
(2) waQN =waX* fora =F, FV, F, F'.
(3) waXON =wa X X* fora =F, F¥, F, F'.

Proof. We prove part (1) of the lemma for @ = F¥. The other case is similar and
parts (2) and (3) easily follow from definitions. Clearly, ¥ QN C wF'QN C wF' X.
For the inclusion wF' ¥ € F¥ QN assume that fn € F(X), fut1 < fu,and the functions
f. P-converge to f on X, where X is a wFV X-space. There is {ni}2, such that
Y220 | fue (6) = £(@)] < 00. Then (Yx)(Y™K) | f , (¥) = F(0)] < 1/(k+ 1), and s0 fy
QN-converge to f. Otherwise there are infinitely many k such that Zing | fn; (x) —
fx)| =k Jap ()= f0)] = k?/(k+1) — oo (therefore X is a wF+QN-space). Now let
en=1/(k+1),whenevern;. <n < (g 1)2- Then for all x € X, for all but finitely many n,
[ fu(x) — f(x)| < |f”1<2 (x)—fx)|<1/(k+1)=¢,andso X is an fiQN-space. O

Lemma 1.6. FXX* C FYON C FXON.

Proof. (1) Let f,+1 < fi, limy— o0 f(x) = f(x) for x € X, and let X be an F X X*-
space. Since Z;.,o:o(fn (x) — far1(x)) = fo(x) — f(x) < oo, there is a convergent series of
positive reals > 2 &, such that for every x € X, f,, (x) — fu+1(x) < &, for all but finitely
many n. Then f, (x) — f(x) < Y_j, & for all but finitely many n.

(2) Let X be an FYQN-space and let Z;’;O | fu(x) — f(x)] < oo for x € X. Then
Z:ozo [ fn(x) = fat+1(x)| < 00. Set

n—1

g =Y @) = fur1 ], g )= [ fn(x) = frur1 ()]

m=0 m=0

There is {Sn}zio such that for all x € X for all but finitely many n» we have g(x) — g,(x) <

&n, and, since |f(x) — f(x)| = |Z;’f=n(fm(x) — fu+1(x)| < g(x) — gn(x), we are
done. 0O

Lemmal7. FXX*=FX>*CF'Xx*C Flx x*

Proof. It is enough to prove the inclusion FXX* € FXX* Let f, € F(X),
Z;’;O | fu(x) — f(x)| < oo forall x € X and let X be an F X X*-space. By Lemma 1.6
there is a sequence of positive reals {e),}°°  tending to O such that for every x € X,
ano:n | fin(x) — f(x)] < g, for all but finitely many n. Let ¢ € “» be such that
D00 €y < 00 Since

S 1) = fom @] < [ fom @) = F@]+ Y |/ = f(0)] < 00

n=0 n=0 n=0
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and X is an F X X*-space there is a convergent series of positive reals Y oo &/ such that

| fn(x) = fom) (X)] < €, for all but finitely many n. Set e, =€, + efp(n). Then Y 02 1 &, < 00

and |f,(x) — fO)] < fulx) = fomyo| + [fom(x) — f(x)| < &, for all but finitely
many n. 0O

Lemma 1.8. wFX C FYON, wFX C FYON.

Proof. Let f, € F(X), fur1 < fu, and f(x) =lim,_ o0 fn(x) on X, where X is a wF 2 -
space (respectively w7 X'-space and f = 0). Let {n;};2, be an increasing sequence of
integers such that Z,fio(fnk (x) — f(x)) < oo on X. By Remark 1.3(f) every space
is an 7+ X QN-space and so fu, QN-converge to f. Therefore X is a wFvQN-space
(respectively wF i QN-space) which by Lemma 1.5(1) has the same meaning as an FYQN-
space (respectively FYQN-space). O

Lemma 1.9. wFON =wFX* =wFX.

Proof. The inclusions wFON C wFX* C wF X are trivial (Lemma 1.5(2)). Clearly,
WFON = wFX NwFX QN and by Lemmas 1.8 and 1.6 we have wFX C FYQN C
FXON CwFXON. Therefore wFON =wFX. O

Summarizing the results of this section we obtain Diagram 1 in which all so far known
inclusions between the introduced classes are presented.

FYoN WFON =wFX NwFXON
1.8
wFX wF X ON
W.’FQ,/\/ .7:2@./\/ W]?Z‘Qj\/'
FON FXON
1.6

FON — wFQN — FroN

1.6

1.7 —
Fryx —~ Flyyx —~ Flxz*

Diagram 1. This diagram shows all inclusions between the classes of spaces with introduced properties which we
prove in Section 1. The numbers at the arrows refer to the lemmas in which proofs are given. The other inclusions
are easy consequences of definitions. For additional inclusion Flrz* - F ON see [25].
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2. Borel measurable functions

It is very natural to examine the classes of sets introduced in the previous section by
taking 7 = C or F = M, the class of all continuous real-valued functions and the class
of all Borel measurable real-valued functions, respectively. In the case of F = M, if
fn € M(X) and f, converge to f, then f, — f € M(X) and f, — f converge to 0.
Moreover, if we define

[ @) = sup{| fi(x) — f(O)|: k =n},

then f, € M(X), f, ., < f,, f, converge to 0 and, for example, f, QN-converge to 0 if
and only if f; QN-converge to f. Therefore one can easily see that

MON = MYON, MXON =MZXON,
WMION =wMXQON, and MIITX*=MVTx*

In [25] it is proved that M X ¥* = M¥ X ¥* (see also Theorem 6.2(ii)). Consequently, in
the case F = M, each class of Diagram 1 coincides with one of the four classes of this
simple diagram:

MIE* > MON > MIXON - wMXON.

Let A be a family of sets. We say that A is weakly distributive on a set X if whenever
Apm € A for n,m € w are such that X C (o2, o~y Anm. then there is a function
¢ € “wsuch that X C U Zo Mz U<y Anm- We say that A satisfies the o -reduction
theorem if for every sequence of sets A,, n € w there are pairwise disjoint sets A, € A
such that A}, € A, and ;2 A, = U An. The family of Borel sets and the family of
F, sets of a perfectly normal space satisfy the o -reduction theorem [20]. The following
theorem is implicitly in [6].

Theorem 2.1. Let A be a family of subsets of X.
(1) A is weakly distributive on X if and only if Ay is weakly distributive on X (A is
a family of countable unions of sets from A).
(2) If Ais weakly distributive on X, then for every Ay -measurable function f : X — “o
the image f(X) is bounded.
(3) Let A CP(X) satisfy the o -reduction theorem. Then all A-measurable images of X
into “w are bounded if and only if A is weakly distributive on X.
4) If Ais a o-algebra which is weakly distributive on X, then
(a) A is weakly distributive on every Y C X,
(b) for every AlY -measurable function f:Y — “w the image f(Y) is bounded (let
us recall that AJY ={ANY: Ae A},
(c) every set Y C X is an FAQN-space, i.e., X is a hereditary F ,QN-space (F 5
denotes the family of all A|Y -measurable functions f:Y — R for Y C X).

Proof. Condition (1) is trivial.
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(2) We can assume that A = A,. If f: X — “w is A-measurable, we set A, , = {x €
X: f(x)(n) = m} and use weak distributivity of A.

(3) Let X € (29 Up=o An.m- By o-reduction theorem we can find A}, € Ay m,
Al € A suchthat A} NA =0 formy #m, and Unmeo Anm = Um—o An.m for
every n. Let us define an 4-measurable function f: X — “w by f(x) = « if and only if
x e A;W(n). There is a function ¢ € “w such that (Vx € X)(V®n) f(x)(n) < ¢(n).
Then

xcUN U 4cUN U A

k=0n>k m<o(n) k=0n>k m<o(n)

(4) Let f:Y — “w be A[Y-measurable. There is an A-measurable function f’: X —
“o such that f C f’. By (2) it follows that f/(X) is bounded and consequently also f(Y)
is bounded and by (3) AJY is weakly distributive.

Finally let f,,:Y — R, n € w be a sequence of A|Y-measurable functions such that
fn converge to 0. The sets Ay ={x € Y: (Vk =2 m) fi(x) <1/(n+ 1)} are in AJY
hence by weak distributivity of A[Y we get ¢ € “w such that (Vx € Y)(Y®n)(Vk = ¢(n))
fk(x) < 1/(n + 1). Without loss of generality we can assume that ¢(n) < ¢(n + 1) for
all n. Let us define ey = 1/(n + 1), whenever o(n) < k < ¢(n + 1). Now limg_ o0 & =0
and the sequence {g,},°, witnesses that f, QN-converge to 0. Therefore Y is an F4QN-
space. O

In the next sections we are interested in the case C € F € M and mainly in F =C. In
the case F = C we introduce a shorter notation which in particular cases coincides with
the notation introduced in [6].

Definition 2.2.
(1) An mQN-space (MQN-space) is a C*QN-space (C¥QN-space).
(2) A QN-space (wWQN-space) is a CQN-space (w CQN-space).
(3) A X QN-space (wX QN-space) is a C ¥ QN-space (w C X QN-space).
(4) A QN-space is a CQN-space.
(5) A TQN-space (wX QN-space) is a C ¥ QN-space (w C X QN-space).
(6) A X-spaceisawCX-space.
(7) A X X*-space (mX X*-space, mX X*-space) is a CX X*-space (CYX X*-space,
CY ¥ ¥*-space).

Theorem 2.3. Each of the properties in Definition 2.2 is o-additive, and for perfectly
normal spaces, is hereditary for F, subsets, and is preserved by D1 images.

Proof. We prove the closure for closed subsets and by o -additivity we get the closure for
F, subsets. In perfectly normal spaces every closed set is a G set and every continuous
function defined on a closed subset F of X can be continuously extended to a continuous
function defined on X. So if f,,: F — R, n € w is a sequence of continuous functions with
F a closed subset of X we can find open sets U, for n € » such that F = ("2, U, and
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there are continuous functions f, : X — R such that f,[F = f[F and f,[(X \ U,) =0.
Then f, converge discretely to 0 on the set X \ F (moreover, if f,,+1 < f; forall n, we can
take instead f, the functions f," = min{f/: k < n}). Consequently, if f,, n € w satisfies
some of the considered hypotheses P, QN, X' on the set F, then so does the sequence of f,
(and the sequence of f,). Now using the appropriate property of the space X we can derive
for these sequences of functions required convergences on the set X and consequently also
on the set F.

Let f € D1(X,Y),i.e., there is a sequence of functions f,, € C(X, Y) such that (Vx € X)
(V*°n) fn(x) = f(x). The sets

Fp={xeX: (Yn=m) fu(x) = f(x))

are closed and since X is perfectly normal Fj, possess the same convergence property
as X does. Therefore f(F,) = fm(F;) has the same property and so also f(X) by o-
additivity. O

All the proofs of the relationship between the classes of spaces presented so far
essentially use the algebraic properties (F1)—(F4) only. From now on the most of the results
require a topological structure on the set X, deriving the family F from the topology. The
usual assumption in such results is that X is a perfectly normal space. The next result serves
as an example.

Theorem 2.4. Let X be a perfectly normal space.
(1) X isanmX X*-space if and only if X is an mX X*-space.
(2) X is a XQN-space ifandonly if X is a w2 QN-space and a ¥ QN-space.

Proof. (1) Let X be an mX X*-space and let f,+1 < f, for n € w be continuous functions,
f(x) =lim,_ fr(x) for x € X and let Z:io (fu(x)— f(x)) < oo for x € X. By
Lemma 1.2 this sequence quasi-normally converges and so X = | g2, Fx with Fy closed
and such that the convergence is uniform on each set Fi. Therefore (f, — f)[Fi are
continuous and as by Theorem 2.3 all closed subsets of X are mX X*-spaces the sequence
of functions {f, — f}°, does X*-converge on each set F;. Each X*-convergence is
witnessed by a convergent series of reals. Now as countable family of convergent series
can be majorized by a single convergent series we easily obtain X*-convergence of the
sequence of functions on the whole space X.

(2) Let X be a WfQN-space and a Y QN-space and let f, € C(X) for n € w, and
f(x) =1lim,_ fn(x) be such that Z:io | fn(x) — f(x)] < oo. There is an increasing
sequence of integers {ny}72, such that f,, QN-converge to f. Therefore X = Ui Fr
with Fy closed and f[F) continuous for every k. Since Fy is also a X' QN-space, the
sequence { f,, [ Fi},2, QN-converges to f[Fy for all n € w. Now it is easy to prove that
also f, QN-convergeto f. O
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3. mQN-space

We say that a space X is nestled if for every sequence of strictly positive functions
fn € C(X) there is a sequence of positive integers k,, such that

Vx € X)(V°n) (Vi <n)  fi(x)> 1/kn.

Lemma 3.1. Let X be arbitrary space. The following conditions are equivalent.
(1) X is a nestled space.
(2) Every continuous image of X into “R is eventually bounded.
(3) For every sequence of strictly positive functions f, € C(X), n € w there are
integers my, such that (Vx € X)(Y°n) fu+1(x)/mps1 < fu(x)/m,.

Proof. (1) = (2) Let ¢: X — “R be a continuous function. The functions f,(x) =
1/(Jo(x)(n)| + 1) are continuous. There are integers k, such that for every x € X for all
but finitely many n we have f, (x) > 1/k, and hence |¢(x)(n)| < k.

(2) = (@) If f, are strictly positive continuous functions the mapping ¢ : X — “R
defined by ¢(x)(n) = fu+1(x)/fa(x) is continuous and ¢(X) is eventually bounded by
a function y. Let us set m, =[[,_, ¥ (i).

(3) = (1) We define f,(x) =1/]];_, fi(x). Let m, be integers such that (Vx € X)
(vY*°n) fo. 1 (xX)/mpy1 < f,(x)/my. There are k;, such that 1/k, < my,/my,+1. Then
(Vx € X)(V*°n) fu(x) = f,(x)/f511(x) > mp/mui1 > 1/k;,. To obtain the stronger
property in the definition of nestled space it is enough to take k, = max{k;: i <n}+n. O

Lemma 3.2. Let X be an mQN-space, or a nestled space. Then Clopen(X) is weakly
distributive on X and consequently every continuous image of X into “w is bounded.

Proof. Let X = (,2oUn—o Anm, With A, ,, clopen. We can assume that A, ,, N
An.my =9 for my # my (otherwise take A, , = Ay m \ U, ,, An.i)- Let us define

fe(x) = 1/(min{n: x ¢ U An,m} + 1),

m<k—n

gn(x)=1/(m+1), forxeA,n.

The functions fi, g, are continuous, fi+1(x) < fr(x), limk— o fr(x) =0, and g,(x) >0
for x € X. If X is an mQN-space, then there exists a decreasing sequence of positive reals
{en};2 ) converging to 0 such that (Yx € X)(Vk) fi(x) < &k. Let ¢ € “o be increasing
such that £,(,) < 1/(n + 1). Then for every x € X for all but finitely many 7, fy@)(x) <
gom) < 1/(n+1)andsox € Umw(”)ﬂ Ay . If X is anestled space, there is ¢ € “w such
that (Vx € X)(V®°n) f,(x) > 1/¢¥(n). Then for every x € X for all but finitely many n,

X € Um<]//(n) Apm.
The second part is a consequence of Theorem 2.1. O

Lemma 3.3. Assume that Open(X) is weakly distributive. Then
(1) X is an mQN-space, and
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(2) X is a nestled space.
In particular, every countably compact topological space is an mQN-space and a nestled
space.

Proof. (1) Let f, € C(X), n € w be a decreasing sequence of functions converging to 0
on X. Letusset A,,, ={x € X: fn(x) <1/(n+ 1)}. By open weak distributivity there
is a function ¢ € “ such that X € (o, ﬂn>k Ay,om)- We can assume that ¢ is strictly
increasing. Let us define ¢y = 1/(n 4+ 1), whenever ¢(n) < k < ¢(n + 1). Clearly, the
sequence {g,};° , witnesses the quasi-normal convergence of functions f, on X.

(2) For Ay =1{x € X: (Vi <n) fi(x) >1/m+ 1D}, X =(heoUm—oAnm and
by open distributivity there is ¢ € “w such that X = (7= \nei Anem)- Let us set
kn=emn)+1. O

Lemma 3.4. Let X be a perfectly normal space and let A C X be nestled. If F C X\ A is
an Fy set, then thereis a Gs set G suchthat F C G C cl(F)\ A. Consequently, ANcl(F) is
meager in cl(F).

Proof. Let F = U?,O:o F, with F; closed. For n € w let g, : X — [0, 1] be a continuous
function such that F, = gn_l({O}). Let Apm ={x e X: (Vi <n) gix) > 1/(m+ 1)}
Since A is nestled there are integers k, such that A € (J>"_ (o, An.k,- Let us set
G =oo(cl(F) \ Np), where Ny, =(),=,, An.k, are closed sets disjoint with F. O

Every o-compact perfectly normal space fulfills the assumptions of the next assertion.

Theorem 3.5. Let X be a perfectly normal space such that Open(X) is weakly distributive
on X. For every set A C X the following conditions are equivalent.

(1) Open(X) is weakly distributive on A.

(2) A is a nestled space.

(3) For every Gs set G containing A there exists an Fy set F suchthat AC F C G.

Proof. The implications (1) = (2) = (3) hold true by Lemmas 3.3 and 3.4.

(3) = (1) Let A € G, where G = (72 Up—o Unm with Uy, open. Let F be an
F5 set such that A C F C G. As an open distributivity is hereditary for F, subsets
there is ¢ € “w such that F € (2o MyZx Un<p(n) Unm- Therefore Open(X) is weakly
distributiveon A. O

Theorem 3.6. A separable metric mQN-space X is the union of countably many totally
bounded subspaces. Consequently, every mQN-subset of a Polish space can be covered by
a o-compact set.

Proof. Let {r,: n € w} be a countable dense subset of X. Let Q, = {rx: k < n}. The
functions f,(x) =d(x, Q,) are continuous converging to 0 on X and f,4+1 < f,. Hence
there is a sequence of positive reals &, converging to O such that for every x € X,
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(V*°n) d(x, Qn) < &,.Thesets Xy = {x € X: (Vn > k)d(x, Q,) < &,} are totally bounded
and X =2 Xk. O

By the same proof as that of Theorem 3.5 (replacing Lemma 3.4 by Theorem 3.6 in the
argument—Iet us recall that G5 subsets of a Polish space are again Polish spaces and open
sets are weakly distributive on o -compact sets) we obtain the following characterization.

Theorem 3.7. Let X be a Polish space. For every set A C X the following conditions are
equivalent.
(1) Open(X) is weakly distributive on A.
(2) A is an mQN-space.
(3) Forevery G set G containing A there exists a o -compact set F such that AC F C
G.

Clopen sets are trivially weakly distributive in a connected space while open sets need
not. There is a separable connected space which is not an mQN-space. Actually, let
0 C [0, 1] x [0, 1] be a countable dense subset, then by Theorem 3.7 the connected set
X = ([0, 1] x [0, 1]\ Q is not an mQN-space.

We say that a space X is perfectly meager if every perfect set P in X is meager in the
relativized topology of P. Notice that if X C Y, Y has a countable base of open sets, and
X is perfectly meager, then for every perfect set P C Y the set X N P is meager in P.

Theorem 3.8.

(1) A separable metric space is an mQN-space if and only if open sets are weakly
distributive.

(2) A separable metric mQN-space is a nestled space.

(3) In a o-compact perfectly normal space every nestled subset is an mQN-space.

4) In a o-compact metric space the mQN-subsets coincide with the nestled subsets.

(5) If X is a separable metric mQN-space all compact subsets of which are countable,
then X is perfectly meager:

(6) Let Y be a perfectly normal hereditary separable o-compact space and let X be
a subspace of Y. If Open(X) is weakly distributive and every compact subset of X
is countable, then X is perfectly meager:

Proof. A separable metric space can be embedded into a Polish space. Therefore the
assertions (1)—(4) easily follow from Theorems 3.5 and 3.7.

(5), (6) Let P be aperfectsetin X. P can be embedded onto a dense subset of a space P,
which is either a Polish space, in case (5), or a perfectly normal hereditary separable o -
compact space, in case (6). Let Q be a countable dense subset of P disjoint with P. In the
metric case by Theorem 3.7 open sets are weakly distributive on X and hence in both cases
open sets are weakly distributive on a closed subset P of X. Therefore by Lemma 3.4 P is
meager in P (and also relatively in P). O

The equivalence (4) = (5) in the following theorem is due to Hurewicz.
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Theorem 3.9. Assume that every open set in a space X is a countable union of clopen
sets. Then the following conditions are equivalent.

(1) Clopen(X) is weakly distributive.

(2) X is an mQN-space.

(3) X is a nestled space.

(4) Open(X) is weakly distributive.

(5) Every continuous image of X into “w is bounded.

(6) Every Dp-image of X into a Polish space Y is a subset of a o-compact subset of Y .

Proof. The equivalence (1) = (4) is an easy consequence of the hypotheses, and the
equivalence (1) = (5) holds true by Theorem 2.1(2) and (3). Therefore by Lemmas 3.2
and 3.3, we have (1) = (2) = (3) = (4) = (5). The implication (6) = (5) is trivial. We
prove (2) = (6). Let f € D1(X,Y). There are closed sets X,, £ X for n € w such that
X = U;’OIO X, and f[X, is continuous for each n. Since X is an mQN-space, all sets
X, and consequently also f(X,) are mQN-spaces. Therefore f(X) = U?,O:o f(X,) is an
mQN-subset of a Polish space. By Theorem 3.6, f(X) is a subset of a o-compact set. O

Problem 3.10 (Lemma 3.3, Theorems 3.5, 3.7 and 3.8(1)). Is there a perfectly normal
(nestled) mQN-space X such that Open(X) is not weakly distributive?

Problem 3.11.
(1) Does the conclusion of Lemma 3.4 hold true for mQN-subspaces too?
(2) (Theorem 3.8) Are the notions of an mQN-space and a nestled space different?
(3) (Theorem 3.5) Can every perfectly normal space be embedded into a perfectly
normal space open sets of which are weakly distributive?

A space X is said to be a o -space if every G setin X is an Fy set.

Theorem 3.12. Let X be a perfectly normal space. The following conditions are
equivalent.

(1) X is a hereditary mQN-space.

(2) X is a o-space and Open(X) is weakly distributive.

(3) X is a o-space and an mQN-space.

(4) Open(X) is weakly distributive on all subsets of X.

Proof. (1) = (2) If X is a hereditary mQN-space, then for every continuous function
f:X — Rtheimage f(X) is also hereditary mQN-space, and in particular, f (X) is totally
disconnected. Therefore, as X is perfectly normal, and every open set is a co-zero set, every
open set is a countable union of clopen sets, and by Theorem 3.9, Open(X) is weakly
distributive. By Lemma 3.4 every Gs mQN-set in a perfectly normal space is an F;; set.
Therefore a hereditary mQN-space is a o -space.

(3)= (1) Let Y € X and let f,, € C(Y), n € w be a decreasing sequence of continuous
functions converging to 0 on Y. The functions f, can be extended to some functions f, all
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continuouson a Gs set G € X with ¥ € G. The set G' = {x € G: (Vn) fu+1(x) < fu(x)}
is relatively closed in G and since X is perfectly normal it is still a Gg setin X. Now as X is
a o space G’ isan F, set and consequently an mQN-space. Therefore f, QN-converge to 0
on G’ and Y is an mQN-space.

The implication (4) = (1) is trivial, the implication (2) = (3) holds true by Lemma 3.3,
and (2) = (4) is due to the fact that open distributivity is hereditary for F, subsets. O

4. mQN is not Luzin

Let X be a topological space, « an infinite cardinal, Y, A € X. We say that Y is «-
concentrated on a set A if for every openset U D A, |Y \ U| < k. A space X is a k-Luzin
space if | X| > « and every meager subset of X has size < k (for k = w it is called also
a v-space, see [20]). A set A C X is a xk-Luzin set in X if |A| > k and |A N B| < « for
every meager set B C X. Every k-Luzin set is a «-Luzin space and if A € X with the
relativized topology is a «-Luzin space, then A is a x-Luzin set in cl(A). Every separable
metric k-Luzin space is homeomorphic to a k-Luzin subset of the Baire space “w [20].

Theorem 4.1. Let X be a perfectly normal space. If cf(k) > w1 and X is k-concentrated
on a countable subset A, then |Y| < k for every mQN-set Y C X \ A. In particular, if
|X| > b, then k > b.

Proof. Every image of X by a continuous function g: X — R is «-concentrated on the
countable set g(A), and hence it is a zero-dimensional subset of R. Every open set in X is
a co-zero set of a continuous function and hence it is a countable union of clopen sets.

Let (a,: n € w) be an enumeration of the set A with infinitely many repetitions. By
the previous part for each n € w we can find clopen sets V, ,, for m € @ such that
X \ {an} = U0 Va,m and by clopen distributivity on Y there is ¢ € “w such that
Y C U Bes where B = (1,24 U<y Vaom are closed. As AN By = @ it follows that
| Br| < k, and hence |Y| < k. Finally let us recall that every set Y of cardinality < b is an
mQN-set. Therefore x > b. O

Corollary 4.2. If Y is a perfectly normal b-Luzin space with a countable base of open
sets, then Y is not an mQN-space.

Proof. Y is metrizable and hence Y is a subspace of a Polish space P. There is a countable
dense set A in cl(Y) disjoint from Y. Y U A is b-concentrated on A and therefore we can
apply Theorem4.1for X =YUAandY. O

Theorem 4.3. Let X and Y be perfectly normal spaces with countable bases of open sets.
If X is a b-Luzin space and f is a continuous function from X onto Y, then either |Y| < b
or Y is not an mQN-space.

Proof. Let us assume that | f(X)| > b. Without loss of generality we assume that X, Y
are subspaces of the Polish space [0, 1]®. Since subspaces of a k-Luzin space are «-Luzin
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spaces, without loss of generality we can assume that f is one-to-one. Let U C X be the
largest countable open set in X. Since the property mQN is countably additive it is enough
to prove the theorem for b-Luzin space X \ U instead of X and without loss of generality
let us assume that X = X \ U. There is a Borel set G C [0, 1]* and a continuous function
f G — [0, 1]% such that X € G C cl(X) and f extends f (find sets G, and extensions
fn:Gn — R for coordinates f;, of the function f and set G = Moo Gn). For every open
set V.C[0,1]”if G NV #£(, then f(G N V) is uncountable and hence the uncountable
analytic set f (G NV) contains C a copy of Cantor set. But f(X) is b-concentrated
on a countable set and hence it cannot contain C. Therefore f GNV)\ f(X)#0.
Consequently, we can find a countable dense set A € G such that f(A) N f(X) = ¢.
The b-Luzin space X U A is b-concentrated on f(A). Since f(X) C f(X UA)\ f(A), by
Theorem 4.1 f(X) is not an mQN-space. O

Corollary 4.4. In the Cohen extension no totally imperfect set of reals of cardinality the
continuum is an mQN-set.

Proof. By a result of Miller [22], in the Cohen extension every totally imperfect set of
reals X of cardinality the continuum is a continuous image of a Luzin set. By Theorem 4.3
X is not an mQN-set. O

Corollary 4.5. No perfectly normal mQN-space with a countable base is a one-to-one
continuous image of a perfectly normal b-Luzin space with a countable base.

Problem 4.6. Is it consistent with ZFC that there exists a perfectly normal mQN-space of
size > b, which is a continuous image of a b-Luzin set of reals?

5. QN-space

We will need the examples of sets the next lemma deal with. Let us set

Ko = {x €®w: Z 1/x(n) < oo and (Vn) x(n) < z"}.
n=0

The set Ko is a non-empty o -compact subset of the Baire space “w.
Lemma 5.1. “2 is not a X' -space, and Ky is not a w X QN-space.

Proof. (a) Let us introduce the following sequence of functions f, € C(“2), n€w
converging to 0,

1/I{i <n: x(@@)=1}, ifx(n)=1,

1/(n+1), if x(n) =0.

We prove that no subsequence of this sequence is X'-convergent on “2. Let {ng}2, be

an increasing sequence of integers. Let us take x € “2 defined by x(n) = 1 if and only if
n =ny for some k. Then f,,, (x) =1/(k 4+ 1).

Su(x) = {
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(b) Let f, € C(Kp), n € w be defined by f,(x) = 1/x(n). Then ZZOZO Jn(x) < 0o for
x € Ko. Let us assume that K¢ is a wXQN-space and let Y~ 1/i, < 0o be a given
convergent series. There is an increasing sequence of integers {nx};2, such that (Vx € Ko)
(Y°k) fu,(x) < 1/k. Let us define x € K¢ by

im, ifn=n,,,

x(n) ={

2", ifn¢{n;,: mew}

Then fn, (x)=1/iy forall m. This is a contradiction. O

Theorem 5.2. The interval [0, 1] is neither an mQN-set, nor a X'-set, nor a hereditary
mQN-set, nor a w X QN-set.

Proof. The set “w of irrational numbers of the interval [0, 1] is not an mQN-set and so the
interval is not a hereditary mQN-set. The space “2 is homeomorphic to a closed subset of
the interval [0, 1] and the set K is isomorphic to some o -compact, and hence F; subset of
the set of irrational numbers of the interval [0, 1]. Hence by Lemma 5.1 the interval [0, 1]
contains F, subsets which are not X'-sets, and w X’ QN-sets (an mQN-set is a w X’ QN-set).
By Theorem 2.3 we are done. O

Lemma 5.3. Let X be either an mQN-space, or a hereditary mQN-space, or a X' -space,
or a w X QN-space.
(1) If X is completely regular then X has a clopen basis.
(2) If X is a perfectly normal space then every open set in X is a countable union of
clopen sets.

Proof. By Theorem 5.2 every continuous image of X into the reals is totally disconnected.
(1)Let x € U and U be an open set. Thereis f € C(X) suchthat f(x) =1and f(y) =0
forall y € X \ U. The image f(X) does not contain an interval, hence there is a relatively
clopen set V C f(X) containing 1. Then x € f~!(V) C U and f~'(V) is clopen in X.
(2) Let U € X be an open set. X is perfectly normal, and so X \ U is a zero set of
a function f € C(X). Now, the set f(X) \ {0} is a countable union of relatively clopen sets
in £(X) and so also U = f~1(f(X)\{0})is asuchset. O

Theorem 5.4. Let X be a perfectly normal space. If X is either a hereditary mQN-space,
or an mQN-space, or a X -space, then Open(X) is weakly distributive.

Proof. Notice that in all cases X is an mQN-space (X-space is an mQN-space by
Lemma 1.8). Hence the assertion follows from Lemma 5.3 and Theorem 3.9. O

Theorem 5.5. Let Y be either a Polish space or a perfectly normal hereditary separable
o-compact space. If X C Y is a hereditary mQN-space, or an mQN-space, or a X'-space,
then X is perfectly meager.
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Proof. Uncountable compact sets can be mapped onto the interval [0, 1], therefore
by Theorem 5.2 X has no uncountable compact subset. By assertions (5) and (6) of
Theorem 3.8 X is perfectly meager. O

Problem 5.6. Is there a perfectly normal X'-space which is not perfectly meager?

Rectaw [24] proved that every metric QN-space is a o-set. Now we improve this result
for perfectly normal X' QN-spaces.

Theorem 5.7. If X is a perfectly normal X QN-space, then X is a o -space.

Proof. (1) Let w,:R — [0,1] be continuous functions such that w,(x) = 1 for
x €271, 27, and wy, (x) = O for x <272 and for x > 27"*1. Note that 30 w, (x)
< 3. Let G = ﬂ,fio Uy with Uy open. For each k € w there is a continuous function
gk: X — [0, 1] such that X \ Uy = gk_l({O}). Let us define f, € C(X) by

Fr) =Y 27w, (gr ().

k=0
Then

DS =20% 2 wa(sk(0) < 3-27F <0
n=0 k=0

k=0 n=0
As X is a ¥ QN-space, there is a sequence of positive reals {¢, }2020 such that lim,,_, o &, =
0 and (Vx € X)(Y*®°n) fn(x) < é&,.Hence X = Ufno:o Xm, where X,, = {x € X: (Vn >m)
fa(x) < g,} are closed. We show that X,, N Uy are closed. There is ng > m such that
&n < 27k for all n > ng. For x € X,, N U, we have 2_kwn(gk(x)) < fax) <y < 2k
and so wy,(gk(x)) < 1 for all n > ng. Consequently, for every n > ng we have gi(x) ¢
[2=7=1 2. Since grk(x) > 0 we obtain gg(x) > 27", Therefore X,, N Uy = {x €
Xpm: gk(x) > 27"0}. This proves that the set G = [ J5_o((Nreo Xm N Uk) is an F, set. O

Theorem 5.8. If X is a perfectly normal X QN-space, then Open(X) is weakly distributive.

Proof. By Theorems 2.3, 3.9, and Lemma 5.3(2) without loss of generality we can assume
that X € “w. It is enough to prove that X is bounded. Let f; ,, : “@ — R be continuous
functions defined by

27", if x(n) =m,

fn,m (x)= { .

0, otherwise.
Then Y°0,—o fam(X) = D020 fux(m(x) < 0o for all x € “w. As X is a ZQN-space,
there is a sequence of positive reals {&, m}",_o converging to 0 such that (Vx € X)
(Y, m) € o X ) fum(x) < &n,m,and hence (Vx € X)(Vn) 27" < &, x(n). Let p(n) =
min{m: (Vk > m) g, <27"}. Clearly, ¢ eventually dominates all members of X. O

Similarly as in the case of mQN-sets (Theorem 3.12) most of the properties studied in
this paper are hereditary in o -sets (the notions of X QN-sets, QN-sets, QN-sets, X X*-sets,
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fQN-sets, etc. are hereditary, but the notions of mQN-sets, wQN-sets, and X'-sets are not
hereditary, see [6]).

Problem 5.9.
(1) Is there a perfectly normal hereditary mQN-space which is not a X’ QN-space?
(2) Is there a perfectly normal hereditary X'-space (WQN-space) which is not a QN-
space?

The equivalence of conditions (2) and (4) in the next theorem has been proved by
Bartoszynski and Scheepers [2].

Theorem 5.10. Let X be a perfectly normal space. The following conditions are
equivalent.
(1) Closed(X) is weakly distributive.
(2) Borel(X) is weakly distributive.
(3) For every Fy measurable function f: X — “w the image f(X) is bounded.
(4) For every Borel measurable function [ : X — “w the image f(X) is bounded.
(5) X is an M QN-space.
(6) X is an MQN-space.
(7) Xisa Q_N-space.
(8) X is an mQN-space.
(9) Di1(X) =Am(X) and X is a QN-space.
(10) D1(X) = M (X) and X is a wQN-space.
(11) D1 (X) = M1(X) and X is an mQN-space.

Proof. The equivalence (1) = (2) is proved in [6, Corollary 5.3]. The equivalences
(1) =(3) and (2) = (4) and the implication (2) = (6) hold true by Theorem 2.1. Notice
that X is a o-space if and only if Am{(X) = M (X). Actually, if G = ﬂ;’;o U, is
a Ggset, with X =Uyp DU D---, then G = f_l({l}) for the function f € M(X)
defined by f(x) = erU,. 271 Therefore the implication (9) = (10) follows from
Theorem 5.7. The implications (6) = (5) = (7) = (9), (10) = (11), and (5) = (8) are
trivial. The implication (11) = (3) is a consequence of Theorem 2.3 and Lemma 3.2 since
every function f € M (X, “w) can be treated as an element of M(X) = D;(X) and so
feDi(X,%w).

We prove the implication (8) = (1). Let X = (.2 Ur—q Fr.m» With F, , closed. By
Lemma 5.3 F, ,, = U,fio Un.m ik, with Uy, x clopen and Uy, k+1 € Up i for all k. Let
us define the functions g, g : X — “w by

gk(x)(2n) =min{m € w: x € Uy «},
g(x)(2n) =min{m € w: x € Fy .},
gk(x)2n+1)=gx)2n+1)=0.

If we identify “w with the set of irrational numbers of the interval [0, 1] via continued
fractions we can see that in fact gx+1 < g and g converge to g. Therefore the sequence
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of continuous functions g, kK € @ converges quasi-normally on X and so g € D(X). Let
fn € C(X), n € w be such that (Vx € X)(V®n) f,(x) = g(x). The closed sets Ay = {x €
X: (Vn 2 k) fn(x)= fr(x)} for k € w cover X and the sets g(Ar) = fi (Ax) are all mQN-
subsets of “w (Theorem 2.3). Hence also the set g(X) = U,tio fi(Ag) is an mQN-set and
by Lemma 3.2 it is a bounded subset of “w. Let ¢ € “w be such that (Vx € X)(Y*n)
g(x)(n) < @(n). This means that X € |Jgeo (MNnes Un<om Fam- O

As an addition to the theorem let us remark that in [25] it is proved that a perfectly
normal space X is a QN-space if and only if for every monotone sequence of continuous
functions { f,,}fl":O such that Z;ozo | fn(x)| < oo on X there exists a monotone unbounded
sequence of integers {k, }°°, such that Z:io kn| fn(x)] < 00 on X (the word “monotone”
can be excluded and “continuous” replaced by “Borel” in this equivalence).

6. X-convergence and X *-convergence

Theorem 6.1. Let X be a perfectly normal space. X is an mX X*-space if and only if X is
a X X*-space.

Proof. By Theorem 5.4 and Lemma 3.3 every perfectly normal m X X*-space is nestled.
Let X be an mX X*-space. Let Y o2 | f»(x)| < 0o for x € X. We want to obtain the X*-
convergence. Without loss of generality we can assume that f;,(x) > O (otherwise take
fo(x) = max{ f, (x),27"}). By Lemma 3.1 there are integers m, such that (Vx € X)(¥V*®°n)
Jnt1(xX)/mpi1 < fu(x)/my. The sets

Fr={xeX: (Vn2k) fur1(x)/mn1 < fu(x)/my}

are closed, by Theorem 2.3 they are mX X*-spaces, and X = (i, Fx. The monotone
series Z;’f:k Z:"z”l fn/my converges on Fy and hence it X*-converges on Fy. Therefore
the series Y oo fu(x) X*-converges on Fy for every k €  and hence the series X*-
converges on the whole X (since every countable sequence of convergent series can be
majorized by a single convergent series). O

Theorem 6.2. Let F be any class of Borel functions containing all continuous functions.
For perfectly normal spaces the following equivalences between the properties hold true:
(i) QN =FQN=wFQN = F'ON,
(i) DX =FEX*=Flys*=Fry*=F'3¥x*
(iii) MXQN= M ;XQN.

Proof. We can assume that F satisfies conditions (F1)—(F4).
(i) By Diagram 1
MOQN — FQN - wFQN — FYQN — QN — mQN

and by equivalence (6) = (8) of Theorem 5.10 the equivalences hold true.
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(i) FEX*=Fry* > F'yy* > FlY>* > m¥y* =Y ¥* and ¥ X* —
Y QN by Lemma 1.7 and Theorem 6.1. Therefore it is enough to prove that ¥ X* —
FV X 3* Let X be a perfectly normal ¥ X*-space and let Yorlolfu(x)] < oo with f, €
F(X). Since X is a o-space (Theorem 5.7), f, € M1(X) and so there are f, , € C(X)
for m € w such that f,(x) = lim,— o fn.m(x) on X. Moreover, there are ¢, , > 0 with
En,m+1 < En,m and limy,— o0 £, = 0 such that (Vx € X)(Y®m) [ fu(x) = fom ()| < €nm
for all n € w. The function g: X — “w defined by

g(x)(n) =min{m: (Yk = m) | fu(x) — fux ()| < &ni}

is Borel and so there is ¢ € “w such that (Vx € X)(Y*°n) | f,(x) — fu,0m) ()| < &n,0m)-
We can choose ¢ so that Y > &x ) < 00. Now Y7 | fu o) (X)| < 00 and since X is
a X X*-space there is a positive series Y .- &), < 00 such (Vx € X)(Y®n) | f, o) (X)| <
&,. Then (Vx € X)(V°n) | fu(x)| < &npm) + &, and Y 2 o (En,pm) + &),) < 00.

(iii) Every M| ¥ QN-space X is a o-space and hence M(X) = M(X). O

Lemma 6.3. If X is a separable metric w X QN-space without isolated points, then X is
meager.

Proof. The proof is a modification of the proof of the same Theorem 4.2 in [6] for wQN-
spaces.

Let {r,: n € w} be a countable dense subset of X. For every n € w let x,,,, € X
be such that p(ry, Xpm) = 20(rn, Xu,m+1) for each n € . Let f,,,: X — [0,1] be
a continuous function, f, »(xs,,) =1 and f, m(x) =0 for p(x, xu.m) = p(rn, Xn.m) /4.
The functions Ay, (x) = Y po (27" fum(x), m € @ are continuous and Y o hy(x) =
Y2 Y g fam(x) < Y2y 27" < 00, because if my # ma, then fu m, (x) =0 or
Sn.my(x) =0 forevery x € X. Since X is a wX QN-space, X is the union of closed sets X;,
i € w such that some subsequence {h, };2, converges uniformly to O on each set X;.
If X is not meager, then there is i such that Int(X;) # @. Let us fix rx € Int(X;). Then
Xn,m € X; for m > m™* and hyy,, (xX4,m,) = 27" for my > m™*. This contradicts the uniform
convergenceon X;. 0O

Theorem 6.4. If X is a perfectly normal w X QN-space with a countable base of open sets,
then X is perfectly meager.

Proof. A perfect subset P of X is a wXQN-space and having no isolated points by
Lemma 6.3 it is meager in itself. O

If X is a hereditary separable o-space, then X is perfectly meager (see [23, Theo-
rem 5.2]). This gives another sufficient condition (in addition to Theorems 5.5 and 6.4)
for a ¥ QN-space to be perfectly meager.

Problem 6.5. Is there a perfectly normal wXQN-space (X'QN-space) which is not
perfectly meager?
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We say that X is an m-space if for every sequence of strictly positive functions f, €
C(X), n € w converging to zero on X there is an increasing sequence of integers ny such
that (Vx € X)(V*®k) S (X) < o (x). A space X is an M-space if for every sequence
of functions f, € C(X), n € w such that ZZOZO | fu(x)] < oo for x € X there exists an
increasing sequence of integers {n}7°, such that for every x € X ZZ";H‘;I [ fa(x)] <

1 | fn(x)] for all but finitely many k.
y y

n=nj_1

Theorem 6.6. If X is a perfectly normal wQN-space, then X is an m-space.

Proof. Open(X) is weakly distributive by Theorem 5.4 (or by [6, Theorem 5.8]). Hence by
Lemma 3.3(2) there is a sequence of integers k, such that (Vx € X)(Y*®n) f,(x) > 1/k,.
Since X is a wQN-space there is an increasing sequence of integers m,, such that (Vx € X)
~vV*°n) fm, (x) < 1/k,. Now set ng =0 and ngy1 =mp,. O

By Lemma 1.2 every m-space is a w X'QN-space and by Theorem 6.6 we can easily see
that a space X is a wQN-space if and only if X is an m-space and an mQN-space.

Theorem 6.7. non(m-space) = b.

Proof. Let {g,: o < b} € “w be an unbounded family of strictly increasing functions.
Let X = {x,: o < b} be the subset of “w defined by x4(n) =m + go(m + 1) — n for
n €[gy(m), go(m+1)). Let f,: X — R be defined by f,(x) = 1/x(n). The set X is not
an m-space because if {ny};2 is an increasing sequence of integers, then for some a < b
for infinitely many m there is k such that g,(m) < ng < ngy1 < go(m + 1) and hence
Jnger ) > fuy (xo) for infinitely many k. We have proved that the minimal size of a space
which is not an m-space is < b. By Theorem 6.6 this cardinal is also > b. O

Problem 6.8.
(1) Is there a X'-space which is not an m-space (and hence X # wQMN)?
(2) Is there an m-space which is not a wQN-space?

Theorem 6.9. Every M-space is a ¥ QN-space and every perfectly normal QN-space is
an M-space.

Proof. The first part is a consequence of Lemma 1.2. If X is a perfectly normal QN-space
and Y 02 )| fu(x)| < oo for x € X, then the mapping ¢ : X — “w defined by

00 m—1
9 (x) (k) =min{m >k Y @)<Y [ fw)]
n=k

n=m

is Borel and by Theorem 5.10 the image ¢(X) is bounded. Let ¢ € “w be a bound
for ¢ (X). Then the sequence ng, ng4+1 = ¥ (ng) is a witness for the property M. O

Problem 6.10. Is it consistent with ZFC that there is a QN-space which is not an M-space?
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not 1-1 continuous
image of b-Luzin space

4.5
4.6?
[23]
o-space —» p.m. c.-0.d.

6.4

6.57 32

MZQN —— TQN — ZQN .d.
1.6
310 5.4\
DDk 5'—'1% ON QN — wQN — ¥  o-compact
[6] T[ﬁl
b-Sierpinski y-set

Diagram 2. The implications in the diagram hold true for perfectly normal spaces with some exceptions marked
by question marks at the numbers of references of corresponding problems. No reference at an arrow means that
the implication is an easy consequence of definitions. The abbreviations: p. m. (perfectly meager), o. d. (open
distributivity), and c.-o. d. (clopen distributivity). Some equivalences (for perfectly normal spaces):

) DX =mEXI*=MIZ*= M T 3* (6.2),

(2) QN = M QN =mQN = MVQN = closed distributivity = Borel distributivity (5.10, 6.2),

B) MXQN=M|XQN (5.7),

(4) TQN=XQN & wX QN (2.4),

(5) wQN= XY & wXQN=m & mQN (6.6).

Diagram 2 shows the relationships among considered properties, as established at this
point.

Problem 6.11. Can in ZFC some other implications be proved between properties in
Diagram 2 (for sets of reals, or a class of spaces)?

7. Several examples

The following result was proved by Rectaw [24] using the construction of an
uncountable S;(I", I') set in [17] (in [17] it is proved only that this construction leads
to a weaker property S;(I°, I')* and later Scheepers, in [28], proves that this property is
equivalentto S1(I", I')). In fact, he presents only the assertion (i), but the same proof works
for the assertion (ii) and the case (i) is derived from the case (ii) by taking X to be any set
of reals of size w; provided that b > wy.
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Theorem 7.1.
(i) There exists an uncountable wQN-set X C R.
(ii) If t= b, then there exists a wQN-set X C R of size b which is b-concentrated on
a countable subset.

This theorem immediately implies the existence of a wQN-set of size t (see [27]). Let us
note that Scheepers under the assumption b = t constructs an Sy (I", I")-set of cardinality b
whose no subset of cardinality b is a QN-set.

Every Sierpifiski set is a QN-set. Under CH there is a Sierpinski set § € R such that
S + S =R. Then, since R is a continuous image of S x §, § x § is neither a X'-space, nor
a wX QN-space, nor a X X *-space. In particular none of these properties is preserved by
finite powers.

Notice that if § € R is an uncountable (Sierpiniski) set then S x S is not a Sierpinski set.

Theorem 7.2. (CH) There is a Sierpiriski set S such that S" is a QN-set for everyn > 1.

Proof. We prove the assertion for n = 2 only. The proof in general is analogous. Let
{Ng: @ < w1} and {My: o < w1} be Borel bases of the ideals of measure zero sets in R and
in R x R, respectively. Without loss of generality we can assume that both these systems
are increasing with respect to the inclusion. By induction on @ < w; let us find x4, € R such
that these two conditions are satisfied:

(1) u((Me)x,) = u((Mg)*) =0,

@) xa € R\ Up_o (Mp)r; U (Mp)'s U Noy).

Clearly the set S = {xy: @ < w1} is a Sierpiniski set and if M C R x R has measure zero,
then there is a countable set A C S such that (S x S)NM C (A x S) U (S x A) U{(x, x):
x € S}.

Let f,:S x § — R, n € w be a sequence of Borel functions converging to 0. We can
extend the functions f;, to Borel functions f, defined on R x R. By Egoroff’s theorem
there is a set H € R x R such that #((R x R) \ H) =0 and f, QN-converges to 0. Let
{e,,}°0, witness that. Let A C S be a countable set such that (S x §) \ H € Z, where
Z=(AXS8S)U(S x A U{(x,x): x € S}. Since Z is a QN-set we can find {e] :O:O
witnessing the QN-convergence of f, to 0 on Z. Now the sequence &, = max{e,, €, },
n € w witnesses the QN-convergence of f, toOon S x S. O

Todorcevic in [29, Propositions 6.0 and 6.1] proves that under Martin’s Axiom (the
additivity of Lebesgue measure is ¢, is enough to assume) there is a strongly Sierpinski set,
i.e.,aset S = {x,: o < c} orreals such that for every n > 1 and for every measure zero set
N C R” there is B < 2™ such that SN N contains no k-tuple with all indexes above 8. The
referee noticed that the assertion of Theorem 7.2 holds true for every strongly Sierpinski
set. This is true without CH assuming only b = ¢. The proof uses the same arguments as
the proof of Theorem 7.2, the fact that the class ON is b-additive, and is carried out by
inductiononn > 1.
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The product of two different y-sets need not be a y -set (see [14]). The following lemma
was first proved probably by Daniels [8, Lemma 9].

Lemma 7.3. If X is a y-set, then X" is a y-set for eachn > 1.

Proof. Let A be an open w-cover of X". If F C X is a finite set, then there is an open set
V € A such that F" C V. Hence there is an open set U such that F C Up and (Up)" C V.
The family B = {Ufr: F € [X]=®} is an w-cover of X. There are sets U,, € B such that
X € UpZo Mk Un and then X" C (20,54 (Un)" and for each m there is V,, € A
such that (U,,))" CV,,. O

Under CH there is a Sierpinski set which is a linear subspace of R over Q [12]. We have
the following.

Theorem 7.4. If X CRisa y-set and F C R is a countable field then the linear subspace
of R over F generated by X is a wQN-space.

Proof. The set
U a X +---+aX
{ay,..., ayle[F]=«

is a countable union of continuous images of powers of y-sets. O

If |X| < b, then X is a QN-space and hence M (X) = D;(X). The next result was
obtained by Kholshchevnikova [18] under MA.

Theorem 7.5. Let X be a perfectly normal space with a countable base. Then “R = D (A)
for every set A € [X]~P.

Proof. By Silver’s result [21] every subset of a set A of size < p is an F, subset of A.
Therefore AR = M/ (A). Now, since |A| < p < b, A is a QN-space and so M;(A) =
Di(A). O

The following is a slight strengthening of a similar result in [6].

Theorem 7.6 (p =c). There is a y-set X C P(w) of size ¢ which is c-concentrated on the
countable subset [w]=“ and every X QN-subset of X has cardinality less than c.

Proof. Forn <m let f; ;, : P(w) — R be defined by

27", it xN[n,m]={n, m},
Jnm(x) = .

0, otherwise.
Clearly, >, _cp frm(X) <D, e, 27" < o00. Let y* = {z C w: z C* y}. Using the same
proofs as for Lemma 1.2 of [14] and for Lemma 6.6 of [6] we can prove this assertion:
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Let A be an open w-cover of [w]<%®

, x € [@]” and let {ey m}n.m be a sequence of
positive reals converging to 0. There exist D, € A and y € [x]® such that y* C

Uy My Dn and for every z € ¥y* fum(2) > €n,m for infinitely many pairs (n, m).

By induction we build x4 € [w]” such that o < 8 — xg C* x4 and we put X = [0]=“ U
{xo: @ < c}. Let Ay, {&}) ;}n.m for @ < ¢ be all of the countable families of open sets and all
of the sequences of positive reals converging to 0. If A, is an w-cover of the countable set
Xo = [w]=?U{xg: B < a}, then there exist D, € A, such that X, C U, (,;=.n Dn- Since
{D,: n € w} is again an w-cover of [w]=“ by the claim there exists x4t1 € [x4]?” such that
Xyl C U ks Dny for some ny and every z € Xy, is a witness that {ej ,, }n,m is not

a control sequence for QN-convergence of the sequence { f, m}nm. O

We give a characterization of ¥ X*-sets similar to the characterization of QN-sets by
condition (4) of Theorem 5.10. We set

oo
L={xe“w: Zx(n)/Z” <1y,
n=0
L is a closed subset of “w.

Theorem 7.7. The following conditions are equivalent.
(i) X isa X X*-space.
(i1) Every continuous image of X into L is a bounded subset of L.
(iii) Every Borel image of X into L is a bounded subset of L.

Proof. (i) = (iii) Let f: X — L be a Borel mapping. Since ¥ X* = M X X* (Theo-
rem 6.2(ii)), the space X’ = f(X) is again a X X*-space. Let f,:L — R be defined
by fu(x) =x(n)/2". Then Y o2, fa(x) < oo for x € X' and hence there is a conver-
gent series Y o &, such that (Vx € X')(V®n) x(n)/2" < &,. Let us define y € L by
y(n) =min{m: ¢, <m/2"}. Then (Vx € X) x <* y.

(i) = (i) Let f,,: X —> R, n € w be a X'-convergent sequence of continuous functions.
Since f,(X) is O-dimensional, we can find reals r, ,, € R\ f,(X) such that m/2" <
Fam < (m+1)/2". Let f:X — L be the following continuous function: f(x)(n) =
min{m: f,(x) < rym}. There is y € L which eventually dominates all members of f(X)
and the sequence &, = y(n)/2", n € o witnesses X *-convergence of f,, n € . O

Theorem 7.8. None of the implications X X* — y, y — o, 0 — mQN is provable.

Proof. (a) It is well known that b(L, <*) = add(N) and d(L, <*) = cof (V). Since the
inequality p < add(\) is consistent, also X' X* ¢ y is consistent.

(b) By Theorem 7.6 under Martin’s axiom there exists a y-set of reals of size ¢ which
is c-concentrated on a countable subset (see also [14,6]). By Theorems 3.12 and 4.1 this
y-set is not a o -space.

(c) Miller [23, Theorem 5.7] under CH has constructed an uncountable o -set X of reals
concentrated on a countable set. By Theorems 4.1 and 3.12 X is not an mQN-set. O
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Every hereditary y-set is a o-space. The next question could be interesting.
Problem 7.9. Is there a y-set which is a o -space but not a hereditary y -set?

The minimal cardinalities of sets which do not have a property in Diagram 2 are equal
either to add(N), or b, or the following cardinal invariants which lie between b and
non(Meager).

p=min{|F|: F € “wand (Vh € “w)(3g € F)(3%n) h(n) € {g(m): m <n}},
p' =min{|F|: F S “w and

(Vh € “w)(VA € [w]”)(Fg € F)@®n e g~ (A)) g(n) > h(n)},
n =min{|F|: F € “wand (Yo, |p(n)| <n)

(VA € [0]”)3g € F)@n e g7 (A)) g(n) ¢ p(n)}.

Lemma 7.10. u =y =pu".

Proof. The inequality p” < w' is trivial. Conversely, let |F| < u'. There are & and A such
that (Vg € F)(V*®°n € g_l(A)) g(n) < h(n). We can assume that £ is strictly increasing
andrng(h) C A.Let A’ =rng(h) \ {h(0)} and ¢(n) = {h(m): 1 <m < n}. Then |p(n)| =n
and (Yg € F)(Y®n € g7'(A")) g(n) € ¢(n). Therefore 1’ < u’”. Now, if |F| < ', then
there exists an increasing function # € “w such that for the set A = rng(k) for every g € F
we have (V®°m € g_l(A)) g(m) < h(m) and hence (V*°(n,m)) g(m) = h(n) = g(m) <
h(m). As h is increasing (V*°n)(Vm < n) h(n) # g(m) holds true for every g € F. Hence
w < .

We prove u < u'. Let F C ®w, |F| = and (Vh € “w)(VA € [w]*)(Tg € F)(3®n €
g_l(A)) g(n) > h(n). We can assume that the function go(n) =n isin F. Let h € “w. If
g (h) is finite, then (3°°n) h(n) € {go(m): m < n}. Let rng(h) be infinite and let {k,} >,
be an increasing sequence of integers such that (Vi < k,) h(i) < h(k,). Let us define
h*(n) = h(k,) and let A = rng(h*). There is g € F such that h*(n) < g(n) for infinitely
many n € g~'(A). Let {n; o imi}72, be increasing such that h*(m;) < g(m;) and
g(m;) = h*(n;). Then m; < n; < ky, and h(k,,) = h*(n;) € {g(m): m < ky,}. Therefore
|FlZwn. O

Theorem 7.11. non(wX QN) = non(wM X ON) = pu.

Proof. Let F C “w, | F| < non(wX QN). For g € “w we define x, € “w by

min{i: n=g({)}, ifn erng(y),

xg(n) = { n, if n ¢ rng(g).

The set X = {x;: g € F} is a w X' QN-set and since Z;ozo 27X < o0 for x € X, there are
A, B € [w]® such that (Vx € X)(V®k € A) 27X®) L 2~ IBOKI We can assume that B C A
and even A = B. Let h: w — A be the increasing enumeration of A. For g € F for almost
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all k of the form k = g(m) = h(n) we have n = |A N k| < xg4(k) < m. Therefore (V*°n)
h(n) ¢ {g(m): m < n} and non(wX QN) < .

Let X be a non-w.M X QN-space and f; be Borel functions on X such that Y o2 f,(x) <
oo and no subsequence of { f,}2 ; QN-converges. We can assume that f;,’s are strictly pos-
itive. Let n, € w be such that ZZOZM Ja(x) <1 and let us set o, (n) ={k > ny: fr(x) 2
1/n}. Since |@x(n)| < n and ¢y (n) g @x(n + 1) for each n we can find g, € “w such that
@x(n) S {gx(m): m <n}. Let h € “w. There is x € X such that fj,,)(x) > 1/n and so ei-
ther h(n) < ny or h(n) € ¢x(n) C {gx(m): m < n} for infinitely many n. The family F =
{gx: x € X} U {go}, where go(n) = n, witnesses u < | X| and u < non(wM X QON). O
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