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HECHLER REALS 


GRZEGORZ LABQDZKI AND MIROSLAV REPICKY 

Abstract. We define a rr-ideal 39 on the set of functions W w with the property that a real x E " m  


is a Hechler real over V if and only if x omits all Borel sets in 39. In fact we define a topology 9 on 

W w  related to Hecl~ler forcing such that 39 is the family of first category sets in 9.We study cardinal 


invariants of the ideal 3'9. 


$0. Introduction. In the paper we perform a topological characterization of 
Hechler reals, i.e. generic reals added by Hechler forcing D (defined below). This 
is similar to the topological characterization which is known for Cohen reals. For 
this reason we shall introduce the so-called dominating topology 9on the set of 
reals "o and show that a real is a Hechler real if and only if it omits all Borel sets 
coded in the ground model which are meager in the topology 9 (Theorem 4.3). 

For any ideal 4 let us consider the following cardinal invariants: 

add(4 )  =min{lYol : 302 9& U 4 0  $ Y}, 

co f (4 )  =min{lYol : Y O2 4 & (YA E Y)(3B E Yo)(Ac B ) ) .  

For the ideal 39 of meager sets in the topology g we shall prove that cov(Y9) = 
add(.,&) and non(Y9) = cof(.L) (Theorem 3.6), where .,& is the ideal of meager 
subsets of the set of reals. The same equalities hold for the ideal of meager subsets 
of the Stone space of the complete Boolean algebra r. o.(D), which is isomorphic 
to the factor algebra Borel/Yg. Using the ideas of [2] and [3], we easily get the 
equalities add(Y9) = add(4g)  = o l  and cof(Yg) = cof(Yg) = 2" (Corollary 
6.4). The ideal YB is orthogonal to the ideal of meager sets of reals as well as 
to the ideal of measure zero sets (Theorem 5.5), but the intersection Yg n ,R is 
still large in some sense (Theorem 5.4). 

The dominating topology 9 is a completely regular C.C.C. topology and the 
density number for g is equal to the cardinal number D-minimal cardinality 
of a dominating family of functions in "o with respect to the (pre)ordering I* 
defined by f <* g iff (Yak)( f (k) < g(k)), for f , g  E "o.Here (Yak) stands for 
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(3n)(Vk > n). Similarly, (3"k) abbreviates (Yn)(3k > n). Further let us recall 
that b is the minimal cardinality of an unbounded family of functions. We use 
standard set-theoretical notation. 

We choose the following form of Hechler forcing: 

(s , f )  < (t,g) iff t C s & (Vk)[(lh(t)< k < lh(s) +g(k) < s(k))  

ti (k > lh(s) 4 g(k) 5 f (k))]. 

Note that the set {(s,f )  E ID : s C f )  is a separative dense subset of D, and 
usually this set with the same ordering is denoted as Hechler forcing. The reason 
for taking the set D is to simplify some of our future notation. 

$1. Dominating topology 9. Let d be the canonical name for a generic real 
over D and let (s,f )E D. Then (s, f ) IF "s C d & (Yk > lh(s))(f (k) < d(k))". 
We put U,,J = {x E "o : s C x & (Yk > lh(s))(f(k) < x(k))). Then 
(s, f )  IF "d E Us,f."when looking at the definition of the set U,,f ,  and clearly, 
this is the whole information that (s,f )can give about d. 

LEMMA1.1. The family {U,,J : s E <"o& f E "o) is a base of a topology. 
Moreover, every set U,y, is clopen in this topology. 

PROOF.The first part follows from the fact that whenever Us,fn Ut,g# 0 then 
U,,fn U , ,  = U,y,,,,,, lfn,. Let o be the function constantly equal to zero on o .  
Now since 

v (3k E dom(t) - dom(s))(t(k)< f (k))), 

these sets are all clopen in the generated topology. 
The topology described in the above lemma will be denoted by 9 ,  and let X9 

denote the topological space ("o, 9 ) .  The family of all first category (meager) 
sets in X9 is denoted by Yg.Note that the sets U, , ,  = [s], for s E <"o, are 
just basic clopen sets of the Baire space "o. Hence the sets U,,J are all closed 
subsets of the Baire space. We will work permanently with both the dominating 
and the Baire topology on the set of functions, and to avoid misunderstandings 
the following convention will be useful. When we speak about notions concerning 
the dominanting topology we will use 9 in the prefix of the words in the absence 
of any other such description, e.g., 9-open, 9-meager, 9-dense, or when we 
use notions of both topologies for a single object, e.g., open 9-dense set. In the 
opposite case the topological notions on the set of functions will refer to the Baire 
topology. 

Let Borel denote the family of Borel subsets of the Baire space, and let Baire 
denote the family of sets having the Baire property in the Baire space. Let Borel9, 
Bairea denote the corresponding families for the space X9. 

Note that Bore15 Borel9. The inclusion is obvious since each open set is 9-
open. To see the inequality let us choose an almost disjoint family Z of subsets 
of w of size 2" and let X C "2 be the set of all characteristic functions of sets in 
Z .  There is a set Y CX which is not II:. As Y C "o we can define a 9-open 



set U = U f E r  UO,f.Now as 

Y = {XE : x E U & (YYE u)[(Yn)(~(n)5 x(n))  -+ y = x]} 

is not n;, U cannot be Borel. 
LEMMA1.2. (a) The topology S3 is stronger than the Baire topology. 
(b) The topological space Xg is a zero-dimensional (and therefire Tychonoff) 

C.C.C.space. 
(c) XB is a Baire space, i.e. no open set in XB is meager. 
(d) The ideal 39 has a Borel base (in sense of the Baire topology). 
(e) Thefactor algebras Borel/Y9, Bore191 3 9 ,  Baire/Y9 and Baire9 /Y9 are 

all complete Boolean algebras isomorphic to the Boolean algebra r. o.(X9) of regular 
open sets in X9. 

(f) The minimal size of a dense subset of Xg is b .  
PROOF.The assertions (a), (b) are clear. 
(c) Let U, be open dense in XB for n Eo and let Us, be any basic clopen set. 

Without loss of generality we can assume that Un+lc Un for all n. By induction 
on n E o let us define a sequence of basic clopen sets Us,,fn such that = US,j 
and Usn+l,fn+lC Usn,fnn U,. Let x E "u be defined so that s, c x for all n. 
Clearly, x E U, for every n E o,and so nnEmU, is dense in X9. 

(d) All basic clopen sets of X9 are closed. Hence by C.C.C.of Xg, every 9 -
open dense set contains an F, g-open dense set and every g-meager set can be 
covered by a Gho 9-meager set. 

(e) It can easily be seen that regular open sets in Xg are representatives of 
the factors of all mentioned factor algebras and that all these correspondences 
preserve order. 

(f) If X c Xg is 9-dense then for any f E "o there is x E X n UO,j,and 
consequently, f (k) 5 x(k) for all k E o.In the opposite direction, let X C"o 
be any dominating family in "'osuch that 1x1= b. Then 

X* = {X E "o : (gy E X)(Yook)x(k) = y(k)} 

is 9-dense. 
Note that there is a more general way yet to define an ideal YP on the set of 

reals for a C.C.C.forcing notion P so that r. o.(P) -.Borel/Yp holds. The only 
condition which has to be put on P is that a generic filter on P is definable from 
a real or, equivalently, that r. o.(P) is countably generated. Let z be the canonical 
P-name for a generic real on P. The ideal YP can be defined by means of the 
a-complete homomorphism h :Borel + r. o.(P) defined by h(B) = llz E B*ll,.,.cP,, 
for B E Borel, where B* is the forcing term for a Borel set with the same Borel 
code as the set B has. 

A similar approach using the notion of category base was already developed 
for amoeba reals in [lo]. 

9-meager sets and F, 9-meager sets. Let 36 denote the ideal generated by 
all F,, subsets of the Baire space which are 9-meager. The family 3; is a a-ideal 
with the following description. 

LEMMA1.3. Let A C"'o. The following conditions are equivalent. 
(i) A E 3 6 .  
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(ii) There exists a sequence of open 9-dense sets U, "o such that A n
nnEwUn = 0. 

(iii) There exists a Ga 9-dense set G C "'o such that A n G = 0. 
(iv) There exists a sequence (s, : n E o )  of elements of <"osuch that A n

nmEwUn>m[~nl= 0 and 

(*) (Yt E '"o)(VJ' E " ' ~ 0 ) ( 3 ~ k ) [ tC sk & (Vi E dom(sk - t))(sk(i)2 f (i))]. 

PROOF.(i)++ (ii)~ ( i i i ) ,since the intersection of countably many open 9-dense 
sets is 9-dense. 

(iii)--t(iv). Let G be a G8 9-dense subset of the Baire space such that A nG =0. 
The set G is the intersection of a decreasing sequence of open sets U, for n E o ,  
and every open set U, is the union of a sequence of disjoint basic clopen sets 
in "o,  say [t,,,, 1, rn E o ,  such that lh(t,,,,) > n for all rn E o .  Let {s, : n Eo)be 
an enumeration of the family {t,,,, : n, m Eo).We prove that this is a sequence 
such as we are looking for. Let t E <"a, f E "a.Every U, is g-dense; hence 
for n > lh(t) there is x E U, n [t] such that x(i)  > f (i)  for all i E o - dom(t). 
Choose rn,k E o such that x E [t,,,] and t,,,, = sl,. Then sk(i) > f (i)  for all 
i E dom(sk - t), since lh(sl,) 2 n and for every n we can find such k there are 
infinitely many k's with the same property. We will finish this part of the proof 
by showing that G = nmEwU,,>,[s,]. Let x E r),, U,,,[S,], i.e. for infinitely 
many n E o,x E [s,] Since every set U, was partitioned into disjoint clopen 
sets, it follows that x E U, for infinitely many n E o ,  and by monotonicity of this 
sequence we get x E G. The inverse inclusion is obvious too. 

(iv)--t(ii).The sets Urn= U,,,[s,] are open 9-dense. 
We will need the following observation. For f E "o the set 

Df = {XEmo: (Ymk)(x(k)> f (k))) 

is open dense in X9 and Df is the disjoint union of basic clopen sets U,,J for 
s E Sf., where 

For every s E S f ,  s Ekofor some k, let n,,f : U,,J 4"'o be the bijective mapping 
defined by 

n,,f (x)(i) = x(k + i )  - J'(k + i). 

Notice that if the sets U,,J and "o are both endowed with the topology induced 
either by the Baire topology or by 9 ,  then nS,f is a homeomorphism. 

LEMMA1.4. Let D be an open dense set in X9 which is the union of a sequence 
of basic clopen sets {U,,,,,fn: n E o),and let J' E "o eventually dominate all f ,, 
n Eo. Then for every s ESf the set n , , ,~(D n U,,,J)E 9 is an open 9-dense subset 
of the Baire space. 

PROOF.Since n,,,f is a homeomorphism with respect to the topology .5B, the set 
n , f ( D  n U,,J) is 9-dense. Since J' dominates the functions f ,, Us,,f n  n Us, = 
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U{U,,f : UtJ C U,,,jn n U,,J} for all n E o. From the last equality it can easily 
be seen that n , ~(D n Us,f )  is open. 

LEMMA1.5. There are mappings 
(i) a : Y9 + 

(ii) P : Y9 x "'o + 3 4 ,  
(iii) y : Yg, x "u 4 Y9, 
(iv) 6 :9 ( " o )  x "'o + 9("o), 

such that for all A E 3 9 ,  B E Y&, C C "'o the following conditions hold: 
(1) <* f & P(A,f) 2 B +A G y(B, f ) ;  
(2) a(A)  <* f & c ~ P ( A ,f )  = 0 +An6(C,  f )  = 0; 
(3) a (A)  I*f &6(C, f )  G A 4 C 2 P(A,f);  
(4) C # 0 + 6 ( C , f )  # 0 & 16(C,f ) I  I o .  ICI. 

PROOF.Let A EYg, f E"a.There is a sequence U,, n Ew, of open dense sets 
in Xg such that A n U, = 0. For each n let {U,:,,-:, : rn Eo}be a maximal 
disjoint family of basic clopen sets, subsets of U,. Let a(A)  E "o be a function 
which eventually dominates all functions f:, n, rn t o. Now if a(A) I*f we 
set P(A,f )= UJEsfn,,j (A n U,,f). Note that by Lemma 1.4 the set 

is G8 9-dense disjoint with P(A, f ). Hence P(A, f )EYg.  If a (A)  $" f ,  we set 
P(A, f = 0. 

For B E Yg ,  C C "o,  f E "o we define 

Since the functions n , , ~are homeomorphisms (B,f ) is in 3 9 ,  and since the 
sets U,,J for s E Sf form a partition of Df,  the conditions (1)-(4) can be easily 
verified. 

Using these four mappings we easily get the inequalities in the following lemma. 
LEMMA1.6. (a) min{b,add(Y&)) < add(Y9); 
(b) min{b, cov(Y6)) I cov(Yg); 
(c) non(Y9) < max{b, non(Yg)}; 
(d) cof ( 3 9) < max{a, cof (Yg)}. 
PROOF.(a) Let d 2 3 9 ,  1~~2'1< min{b, add(Y&)). Then there is f E"'o such 

that f dominates all functions a (A)  for A E d ,  and B = U,,, P(A, f )  E Y g .  
Hence by (11, U d  C y(B,f) E 3 9 .  

(b) Let d ;4 3 9 ,  1.1.41< min{b, cov(Yg)}. There is f E "w dominating all 
a(A), A E d ,  and by the same assumption, the family {P(A,f )  :A Ed}is not 
a covering family. Hence, by (2) and (4), Ud # "o .  

(c) Let X 2 "o be a dominating family of functions, and let C 2 "o be such 
that 1x1= b ,  C $Yg and ICI =non(Yg) .  By (4), theset A = U f E , 6 ( C , f )  



HECHLER REALS 449 

has cardinality equal to the cardinal max{a,non(Yg)}. We show that A 6Yg. 
Otherwise there would exist f E X such that a(A) <* f .  Now b(C7f )CA, so, 
by (3), C c p(A, f ), which contradicts our assumption that C 6 3;. Therefore 
A $ 3 9 .  

(d) Let X c "'w be a dominating family and 9a cofinal family in 3 4  such that 
/XI = D and 191= cof(34).  Then the family LX? = IY(B,f ): B E9 & f E X) 
is cofinal in YB and Id1 = max{D, cof (Yg)). 

$2. Some remarks on Stone spaces. The results of this section are at least im-
plicitly known (see e.g. [S], [4], [I]). 

Let X, Y be topological spaces. A function f : X + Y is said to be b-open 
(see [S]) iff the inverse image of any nowhere dense subset of Y is a nowhere dense 
subset of X.  We say that a function f : X + Y is b-continuous iff the image of 
any nowhere dense set is nowhere dense. 

We write cov(X) and non(X) for cov(Ax) and n ~ n ( ~ ~ ) ,respectively, where 
AXdenotes the ideal of meager sets in X. The following lemma is easy. 

LEMMA2.1. (i) Ifthere is a 6-continuousfunction from X onto Y, then cov(Y) 5 
cov(X) and non(X) 2 non( Y). 

(ii) IJ' there is a &open function from X into Y, then cov(X) 5 cov(Y) and 
non(Y) 5 non(X). 

LEMMA2.2. (i) Iff  : X 4 Y is a continuous irreducible function, then f is 
b-continuous. 

(ii) Iff : X + Y is a continuous open function, then f is S-open. 
PROOF.(i) Let N CX be a closed nowheredense set, and assume that Int(f (N)) 

# 0. Choose a nonempty open set U C f (N). Since f -I(u)  is open, the set 
F = (X -f -' (U))UN is a proper closed subset of X and so f is not irreducible. 

(ii) is easy. 
For a Boolean algebra A ,  St(A) denotes the space of all ultrafilters in A with 

the clopen base for topology formed by sets [aIA= {p E St(A) :a E p}, for a EA. 
LEMMA2.3. Let B be a subalgebra of a Boolean algebra A and let f : St(A) 4 

St(B) he the continuous mapping dtlfined by f (p) = p n B. 
(a) B is a regular subalgebra of A if and only iff is b-open. 
(b) B is a .dense subalgebra of A if and only iff is irreducible. 

PROOF.(a) "B is a regular subalgebra of A" iff "whenever V" Bo = 1for some 
ABo c B then V Bo = 1" iff "whenever the set U = UUEBo[alBis open dense in 

St(B) for some Bo c B then f -'(u )  = UuEBo[a]A is open dense in St(A)". 
(b) "f is not irreducible" iff "there is a proper closed set N C St(A) such that 

the function f [N is onto St(B)" iff "there is an a E A, a # 1,such that f [[.]A 
is onto St(B)" iff "there is an a E A, a # 1, such that for every p E St(B) there 
is p' E [a]A extending p" iff "there is a E A, a # 1, with no h E B such that 
0 f b < a". 

LEMMA2.4. Let f :X + Y be continuous open. Then thefunction e :r. o.( Y) 4 

r. o.(X) defined by e(U) = f (U) is a complete embedding of complete Boolean 
algebras. 

PROOF.First note that f -' commutes with the operations cl and Int: Let A c 
Y. cl(fP'(A)) C f-'(cl(A)) a n d i f x  E X-cl(f- ' (A)) ,  then U n  f l ( ~ )= 0  
for some open U c X such that x E U. Hence f (x) E f (U)  and f ( U )  n A = B. 



As f is open, x $ f -' ( c l ( ~ ) )and so cl(f (A)) = f (cl(A)). Consequently, 
f -'(Int(A)) = f - ' ( Y  - cl(Y -A))  = X - cl(X - f -'(A)) = Int(f - '(A)). 

For U E r. o.(Y), f 1 ( u )  =f - ' ( ~ n t ( c l ( ~ ) ) )=~nt(cl(f- ' (U)))  is regular open 
in X and so the function e is well.defined. It can easily be seen that e is a Boolean 
embedding. We show that e is complete: e(Vt Ut) = f -'(Int(cl(Ut Ut))) = 

Int(cl(Ut J'-'(ur))) = Vt e ( u 0 .  
LEMMA2.5. Let X be a zero-dimensional topological space. Then the mapping 

F :X 4 St(clopen(X))de$nedby F(x) = {U :x E U E clopen(X)) is a topological 
embedding. 

PROOF.Since each point has a neighbourhood base consisting of clopen sets, 
the mapping F is one-to-one. There is a correspondence between the family of 
clopen sets in X and the family of clopen sets in St(clopen(X))which ensures that 
F is an embedding. 

LEMMA2.6. Let X be a zero-dimensional Baire space. Then: 
(i) cov(X) 5 cov(St(clopen(X))) = cov(~t(r .o.(X))), 
(ii) non(X) > non(St(clopen(X)))= non(St(r.o.(X))). 

PROOF.The equalities hold by 2.1 and 2.3 since clopen(X) is a dense regular 
subalgebra of r. o.(X). The inequalities are consequences of 2.5 since X is home-
omorphic to a nonmeager (X is a Baire space) dense subset of St(clopen(~)) .  

$3. Cardinal coefficients.Let cp :"o 4 "2 be the mapping defined by p(x)(k) = 

x(k) mod 2, for x E "o. It is not hard to see that cp is continuous and open 
as a mapping from Xg to "2 as well as a mapping from the Baire space "o to 
"2. Hence we can apply for both topologies on "o the following lemma with 
an application for the ideal Y g .  

LEMMA3.1. Ij'a mapping cp : X + Y is continuous open, then cp-'(U) is an 
open dense subset of X whenever U is an open dense subset of Y. 

THEOREM3.2. C O V ( Y ~ )= C O V ( ~ ) ,non(Y5) = non(d) .  
PROOF.Since 35 CA ,  immediately we have cov(A) 5 cov(Yg), non(Y ' )  I 

non(Af). For the proof of the reverse inequalities we use the fact that the cardinal 
invariants of the ideal of first category sets in all Polish spaces are the same. So, 
using the previous lemma and a remark before it, for any open dense set U C "2, 
cpP1 (U)  is an open 9-dense subset of "o and hence cpp'(A) E 35 whenever A is 
ameager subset of "2. It follows that cov(Yg) 5 cov(A) and n o n ( d )  5 non(Yg). 
Therefore the equalities hold. 

LEMMA3.3. cov(St(r.o.(X9))) 5 cov(A), non(A) 5 non(St(r.o.(X9))). 
PROOF.The function cp : X9 4 "2 defined by cp(x)(k) = x(k) mod 2 is 

continuous and open. Hence by 2.4 there is a complete embedding e : r. 0.("2) + 

r. o.(XB). By 2.3(a) there is a S-open function ty : St(r.o.(Xg)) + St(r.0.("2)). 
By compactness, St(clopen("2)) -"2, and since clopen("2) is a regular subalgebra 
of r. 0.("2), by 2.3(a) there is a S-open function B :St(r.0 . ( ~ 2 ) )+"2. Now as the 
composition of the S-open functions ty,B is S-open, the inequalities of the lemma 
are consequences of 2.1(ii). 

LEMMA3.4. cov(St(r.o.(X9))) 5 6, D 5 non(St(r.o.(Xg))). 
PROOF.Let G = {p E St(r.o.(X9)) : (Vn)(3sE "o)([s] E p)). The set G is 

a Go dense subset of St(r.o.(X9)). Let us consider the mapping cp : G + "o 
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defined by p (p )  = U{s E <"w : [s] E p}. For f E "w let Gf = {p E G 
(Vmk)(cp(p)(k)2 f (k))} and let Uf = Us,<w,{~ : Us,, E p}E St ( r .o . (x~ . ) )  
The set Uf is open dense in St(r. o.(Xg)). Let p E Uj n G .  Then for som 
s E <"w we have Us,,fE p, and by the definition of cp(p), [p fp )  rk] E p for a1 
k E w. It follows that U,,,Jn [p(p) rk] # 0 for all k, and so p(p)(k)  2 f (k) fo 
all lc 2 lh(s). Hence p E Gf , and so the set G1 contains the GCs set Uf n G. 

Now if X C "w is an unbounded family of functions, then n,f,,Gf = 0, anc 
if A C St(r. o. (Xg )) has cardinality less than D, then A nGI = 0 for some f E "cu 
Hence the inequalities take place. C 

Notice that the last two lemmata are based on the facts that the forcing D add 
a Cohen real and a dominating real. The proof of the next theorem can be founc 
in [6] (see also [12] and [l I]), so we do not prove it here. 

THEOKEM (a) add(&) min{b, cov(&)} 3.5 (J.Truss, A.W. Miller, J. Cicholi). = 

(b) cof (.&) = max{a, non(&)). C 
THEOREM3.6. (a) cov(X9) = cov(St(clopen(X9)))= cov(St(r. 0.(X9))) = 

add(.&@) 
(b) non(X9) = non(St(clopen(X9))) = non(St(r. o.(X9))) = cof(&). 
PROOF. Put together the results 1.6(b)(c), 3.2, 2.6, 3.3, 3.4, and 3.5. L 
COROLLARY3.7. add(&) is the least cardinal K such that there is a jamily 2 o 

dense subsets of D, 121= K ,  and there is no 2-genericfilter on D. 
PROOF. It is an easy exercise to prove that the above cardinal K is equal to t h ~  

cardinal cov(St(r. o.(X9))). C 
Now we know that the additivity of any of the ideals Yg,Yg is between wl an( 

add(d), and the cofinality is between cof(&) and 2". By Lemma 1.6, moreover 
add(Yg) = wl implies add(Y&) = wl, and cof(Y9) = 2" implies cof(Y&) = 2" 
In $6 we shall prove that the additivity is equal to wl and the cofinality is equa 
to 2" for both ideals. 

54. Hechler reals. Let us recall that Borel sets of reals can be represented b! 
means of Borel codes (see [9]). The set BC of Borel codes is a Hi subset of "a  
and for every real c EBC a Borel set B, is assigned in such a way that the relation: 
B,. C Bd, B, = 0,  Bd = B, n Bh, B,{ = Bc - Bh, Bc = UnECoB,.,), etc., are all n:. 

Let us fix an effective enumeration {t,, : m E w} of <"a. We say that a rea 
c E WX"w codes the following 9-open set: 

which is the union of a countable family of basic clopen sets in Xg.One car 
easily describe a Borel function F : "Xww4 BC such that (I, = BF(,)for a1 

E "X'Uw 

LEMMA4.1. (a) The predicate "c E "X"w codes an open dense subset of X9 
which is the union o f a  disjointjamily of basic clopen sets" is Hi. 

(b) The predicate "c E "X"w codes an open 9-dense subset of Xg " is nt. 
PROOF. (a) Note that the predicate "U, is 8-dense" is equivalent to the fol- 

lowing nj formula: 
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(Vn)(Yf E "'o)(3m)(3k)[tk= t,, U t, & c(m, 0) = 1 

& (Vi E dom(t1, - t,))(tl,(i) > c(m, i + 1)) 

& (Yi E dom(t1, - t , ) ) ( t~~( i )> f (i))l. 

Whether the intersection of two basic clopen sets is empty or not depends only 
on finite initial parts of functions, the formula 

is arithmetical. Hence the predicate "U,, is the disjoint union of basic clopen sets" 
is arithmetical. 

(b) The proof of this part is similar. 
LEMMA4.2. The predicates B, EYg ,B, E3; are Ck. 
PROOF.B, E Ygiff 

(3c E " ' (" 'x" '~))  U,(,) = 0 & (Yn)(U,(,) is open dense in Xg) 

(3c E "("xu'w)) BF(,(,))= 0 & (Yn)(U,(,) is open dense in XB) 

Similarly, B, E Yg iff 

(3c E "'("'X"'w)) BF(,(,))= 0 & (Vn)(U,(,) is open L3-dense) 

THEOREM4.3. Let d E "'o. The following are equivalent. 
(i) d is a Hechler real over V; 

(ii) for each c E "X"onV, whenever U, is open dense in Xg and whenever 
U, is a disjoint union of basic clopen sets, then d E U,; 

(iii) ,for each a E BC nV, whenever B, E Yg, then d 6B, . 
PROOF.By definition, the set U, is dense in Xg if and only if the family 

is a predense subset of D. Moreover, for every countable predense subset in A c D 
there is some c E "X"osuch that A = A,. Hence it is easy to see that a real d 
is a Hechler real if and only if d satisfies condition (ii), i.e. (i)++(ii).  

The implication (iii)4(ii) is trivial, and we prove (i)4(iii). 
Let d be a Hechler real, and for some a EBC nV let B, EYg.There is a sequence 
{c, :n Eo}C "'X"osuch that B, nn,,, BF(,,) = 0 and the U,,, are open dense 
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in Xg.By absoluteness of Z: properties we can find the sequence {c, : n Ew) in 
V with the same property and hence d E U,, for all n, which means d @ B,. 

For x, y E let x +y E "w and x - y E Wwbe defined by 

(X +y)(i)  = x( i )  + y(i) ,  (x - y)( i )  = x( i )  +y( i ) ,  for i Eo, 

where n + rn = n - rn if n > m,  and n irn = 0 otherwise. 
THEOREM4.4. Let d E "o .  The following are equivalent. 

(i) d is a Hechler real over V; 
(ii) for every y E "w nV, d + y is a Hechlev veal over V; 

(iii) ,for every y E "o nV, d - y is a Hechlev veal over V; 
(iv) jor every y E Qon V, whenever a E BC n V and B ,  E Y,, then, 

d - y  $ B u .  
PROOF.(i)+(ii). The mapping cp, : Xg + Xg defined by cp,(x) = x + y is 

continuous open and hence the inverse image of an open dense set is open dense, i.e. 
pJ;' (U,.) = {x :x +y E U,,) is open dense whenever U,, is open dense. Moreover, 
for each c E V we can effectively find some c' E V such that cp;'(U,,) = U,./. 
Hence by Theorem 4.3(ii), if d is a Hechler real and U,, for some c E V is open 
dense, then d E cp;'(U,,) and so d +y E U,,. Therefore d +y is a Hechler real. 

(i)+(iii). Let d be a Hechler real over V and let y EWwnV. Then d (k)  >~ ( k )  
for all but finitely many k E o, and so without loss of generality we can assume 
that d (k )  > y(k)  for all k Ew (otherwise take y' =min{y, d) ,  which is also in V 
and d - y = d - y'). The mapping TC@,~,  : U@,,--t Xg defined by X ~ , ~ , ( X )= x - y 
is a homeomorphism. Hence, whenever U,, is open dense, the set 

is open dense in U@,,. Since d E U@,,(similarly to the previous part of the proof) 
we can derive d E U, +y and hence d -y E U, for c E V. It follows that d - y 
is a Hechler real. 

(ii)+(i) and (iii)+(i). Take y such that y( i)  = 0, for all i E o. 
(iii)+(iv). This implication is a consequence of Theorem 4.3 and Lemma 4.2. 
(iv)+(i). Condition (iv) implies that d is a dominating real. We verify con-

dition (ii) in Theorem 4.3 to prove that d is a Hechler real. Let U, be an open 
dense set in Xg which is a disjoint union of basic clopen sets {U,,,,,,, : rn E w) 
coded by some c E "X"onV. Let y E "o nV be a function which dominates 
all functions f,,, i.e. (Vrn)(Vmk)(j, (k) 5 y(k) )  and such that for all k E w, 
y (k) < d(k) .  By Lemma 1.4, the set n@,,(U, n U@,,)is an open 9-dense set 
coded in V. Hence by the assumption, d - y E nm,, (u, n U@,,).Since y 5 d ,  

The theorem is proved. 
55. The ideal Ygversus Y,, .  While the ideal Y,,  is a subset of the ideal of 

meager sets we will see that the ideal Ygis far away from any such comparison, 
since the ideals Yg,A' are orthogonal and the difference YgnA' -4, is still 
very large. Let us start with several examples of subsets of "w. 



EXAMPLE5.1. Let h E " ~ ( o )be such that (30°k)((h(k)1 = o ) .  Then 

PROOF.For m E w, the set B, = {x E "o : (3k > m)(x(k)  E h(k))) is an 
open subset of "o .  Since A nn,,, B, = 0, it is enough to prove that the B, 
are g-dense. Let f E "o and t E <"o. There is x E U,,, such that x(k)  E h(k) 
for some k > m, and hence x E B, n U,,j # 0. 

EXAMPLE5.2. For f E "o the set 

{x E : (YOok)(x(k)< f (k)))  E Yg. 
PROOF.Take h(k) = w - f (k) in Example (5.1). 
EXAMPLE5.3. Let f E "o ,  let a, h c o be two disjoint sets, and let ( a (= w. 

Then 
A = {x E "o : (gWkE a) (x(k)  < f (k)) & (Yk E b)(x(k)  > f (k))) 

EYg,-Yg. 

Moreover, the set A is nowhere dense in Xg,. 
PROOF.The set A is disjoint with the set B = {x E "o : (Vmn E o ) ( x ( n )  > 

f (n ) ) )  which is open dense in Xg,.Hence A EYg,.Now we prove that A $ Yg. 
To get a contradiction, let us assume that A E Yg. By Lemma 1.3 there is 
a sequence (s, : n E o )  of elements of <"w such that A n 0, U,>,,[S,] = 0 
and condition (*) holds. By induction let us find a sequence (t,, tl, : m E o )  
of elements of <"osuch that th = 0 and tl, t,, c t;,, for all m E o ,  by the 
following rules: 

(a) There is i E dom(t, - tl,) na such that t,(i) < f (i).  
(b) For all i E dom(t,, - tl,) nb, t,,(i) > f (i).  
(c) t;,, = s,, where n is minimal with the property that t,, c s, and, for all 

i E dom(s, - t,), s,(i) > f (i). 
Now let x =UlllEwt,. By conditions (a), (b) of the construction it follows that 

x EA while by (c), x E0, U,>,[S,]. This contradicts the choice of the sequence 
of 3,'s. 

The following theorem is a contrast to Theorem 3.2. 
THEOREM5.4. There are 2" many disjoint sets in Yg,nJl- Yg. 
PROOF.Let {a, : a: < 2") be an almost disjoint family of subsets of o (see [5]). 

Let f E "o be any function such that for all but finitely many k E w, f (k) > 0. 
For a: < 2'O let 

By Example 5.3, A, E 4,-Y;for all a: and all these are pairwise disjoint 
meager subsets of "o .  

Let the measure p on "w be the product measure of o copies of measure 
po on o defined by po({n)) = 2-,-' . Note that there is a measure-preserving 
homeomorphism from "o to (0 , l )  -Q, where Q is some countable dense subset 
of (0, I ) .  Let Jlr be the ideal of sets A c "w for which p(A) =0. It is known that 
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the ideals and N are orthogonal, i.e. there is A E N such that the complement 
of A is in JZ'. 

THEOREM5.5. (i) The ideals d,Yg are orthogonal. 
(ii) The ideals N ,  Y&are orthogonal. 
(iii) The ideals N ,  Yg are orthogonal. 
PROOF.(i) For an f E "w the set D f  = {x E "o : (Voon)(x(n)2 f (n))) is 

a meager subset of "o and open dense in Xg. 
The case (iii) follows immediately from (ii) since Y&CYg . We prove (ii). We 

shall use inequality 
x 

-- < l n ( l + x ) ,  f o r x ~( - 1 , ~ ) .  
l f x  

-

For each n > 1 let us choose f ,  E "w such that C,,,, Ci2f . , , (m) 2 ~ ' ~ '< l l n ,  and 
let a,(m) =C.~ L l n ( m )2 - ~ x< l l n .  s e t A , = { x € " o :  ( V m ~ o ) ( x ( m ) <f,(m))).  
By Example 5.2, the set A = U,,, A,  is in Y g .  We shall prove that p(A) = 1. 
We have p(A,) =n (1 -cu,(m)) < 1, and so 

-Hence 1 > p(A) > sup,,, ep'/("-') - 1. 
56. The additivity and the cofinality of the ideals. The aim of this part is to 

present some applications of the tools developed in [2], [3]. We prove that add(Y9) 
= add(Y4) =ol and cof(Yg) =cof(Y4) = 2". For this we will need the notion 
of rank introduced in [2] for modified Hechler forcing conditions of which are pairs 
of strictly increasing functions s, f .  Our definition of rank is a slight modification 
of it and corresponds with the forcing notion 

(s, f )  5 (t,g )  iff t C s & (Vk)[(k E dom(s - t )  +g(k) 5 s(k))  

& (k E o - dom(s) +g (k) I.f (k))]. 

Clearly, D is a dense subset of D', and for (s, f )E Dl the set 

is a clopen set in the dominating topology 9;we call it a basic clopen set too. In 
the following the symbol "o denotes the set of all finite functions from o to o ,  
i.e. cqo = UxE,(Ol<co 

We say that a set D C -Ww is open if with each s E D, D contains all t E "o 
such that s t; D is dense if for each s E -Wo there is t E D such that s c t; D 
is relatively dense if for each s E D and t E "o such that s & t there is s1 E D 
such that t c st .  Clearly, D is relatively dense whenever D is open or dense. 
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Following [2], for a set D C -Wo we define a sequence (D, :a Eol)by induction 
as follows: Do = D ,  and, for a > 0 

D, = {s : (3x E [ W ] < ~ ) ( Y ~E o ) ( 3 t  E UDp) 
lI<a 

[ .  c t & dom(t) = x & (Yi E dom(t - s ) ) ( t ( i )> k)]). 

The minimal a: < o l  such that t E D, we denote by rankD(t). If there is no 
such a we write rankD(t)= cc (see [3]). Let us denote 

RD = {t E : rankD(t)< wl), UD = U[s]. 
.,ED 

Since the set -Qo is countable, there is a < ol such that RD = D,. 
Note that RD = -"o if and only if <"oC RD. We have the following charac-

terization. 
LEMMA6.1. Let D C -Wo be relatively dense. Then RD = -"o if and only if UD 

is 9-dense. 
PROOF.Let the open set UD be 9-dense, and to the contrary let us assume 

that we have some so  E -Qo -RD. We say that t E RD is a minimal extension of 
so  if soC t and t rx @ RD for all sets x with dom(so) C x 5dom(t). 

Claim. For every x E [ w ] < ~such that dom(s0) C x there are onlyJinitely many 
minimal extensions t of $0 with dom(t) = x .  

Proof: Suppose that for some finite set x there is an infinite set T of minimal 
extensions t of so  with dom(t) = x. By induction on i E x - dom(so) we find 
a decreasing sequence of infinite sets Ti C T so that for all i either there is n; Eo 
such that t ( i )  = ni for all t E Ti or tl(i)  # t2(i) for all t1,t2 E Ti, tl # t2. Let 
T' = niEx~do,n(,50)Ti. There is u r -"o such that so c u, dom(u) C x ,  u C t for 
all t E T' (i.e. u(i) = ni for i E dom(u)), and tl (i)  # t2(i) for i E x - dom(u) 
and tl, t2 E T', tl # t2. Hence for every k E o there is t E T' such that t ( i )  > k 
for all i E x - dom(u). Therefore u E RD, which contradicts the minimality of 
the elements of T'. The claim is proved. 

By the remark before the lemma, without loss of generality we can assume that 
the domain of the function so  is an integer. For each n E w let T, be the finite 
set of all minimal extensions t of so such that max(dom(t)) = n. Let us define 
f E so that f (n) > max{t(n) : t E T,) for all n E o - dom(so). Since the 
set UD is 9-dense, there is t E D such that U,o,,fn [t] # 0. As D is relatively 
dense we can assume that so  C t. Hence t E RD, and so some function t' C t is 
a minimal extension of so.Let n =max(dom(t')). Then as dom(so)is an integer, 
n @ dom(so) and t' E T,. Therefore t (n)  = tl(n) < f (n), which contradicts the 
fact that U,,,J n [t] # 0. This contradiction proves that the equality RD = -"w 
follows from the assumption that UD is 9-dense. 

Conversely, let RD=-Wo and let f E"o be arbitrary. By induction on rankD(s) 
we prove that U,J  n UD # 0 for all s E RD. Let a: > 0 and let s E D,. There is 
t E Dp for some < a: such that s C t and t ( i )  2 f ( i )  for all i E dom(t - s) .  
Hence U,,J C U,J  and by the induction hypothesis U,,J n UD # 0. Therefore UD 
is 9-dense. 
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Note that if U is an open dense subset of Xg then the set 

is a dense subset of "o and the set UD is an open 9-dense subset of "w. Therefore 
RD= %. The original formulation of Lemma 6.1 in [2] (conveniently modified) 
says that if D C -"o is the set of first coordinates s of conditions (s, f ) of some 
open dense subset of Hechler forcing, then RD= %. 

For an infinite set A C o let 

Clearly, XA is a closed 9-meager subset of "w, i.e. XA E Y;. Let d C [o]" be 
an uncountable almost disjoint family (see [5]). The following result is implicitly 
proved in [3,Main Theorem]. 

THEOREM6.2. For any set X E Y9the family { A  E d : XA C X )  is a t  most 
countable. 

PROOF. Let (U, : n E o )  be a sequence of open dense subsets of Xg such that 
X nn,,, U, =0, and let D, = { s  E "o : (3f E " o ) ( U,,, C U,)). By Lemma 6.1, 
Ron = "o for all n E w. For every n E o and t E "o -D, we will define a finite 
family d,,,of "bad" elements of d in the following way. 

Given n E o, for each t E "o -D, let us fix a finite set x ,  and a sequence of 
tl, = s( t ,n,k)  for k E o such that dom(t) C x ,  =dom(tl,), rankDn (tk) < rank^,, (t)  
and tl,(i) > k for all i E x ,  -dom(t) and all k E w. By induction on i E x ,  -dom(t) 
we construct a decreasing sequence of infinite sets Bi C o so that whenever for 
some A E d the set B,! = {k E n.,,; Bj  : tk( i)E A )  is infinite then we set Bi = B,! 
and if there is no such A E d we set Bi = n.,<iBi. Let B, = nit (,, Bi and 
let dl,,be the family of A E d for which there is i E x, - dom(t) such that the set 
BI is infinite and for all k E B,, tl,(i) E A. Since d is almost disjoint, the family 
dl,,is finite and for every A E d either A is almost disjoint with the infinite sets 
{tl,(i) : k E B,) for i E x ,  - dom(t) or A contains one of these sets and A E d,,,. 
We prove that the countable family 

contains all bad elements of d ,  i.e. for A E d - d o ,  XA $ X .  The following 
result is crucial. 

LEMMA6.3. Let A ~d -do, n E o ,  s E %, f E o .  There is t E D, such that 
I rng(t) nA/  = / rng(s) nAl, s C t and t ( i )  > f (i)  jor all i E dom(t - s ) .  

PROOF. Let l = 1 rng(s) n A1 and let 

Y = {t E % : s C t & I rng(t) nA1 = 1 & (Yi E dom(t - s ) ) ( t ( i )> f (i))).  

Choose t E Y with minimal rank^,, (t) .  We prove that t E D,. To get a contradic- 
tion let us assume that t $ D,. Let us consider the sequence of tk = s( t ,n,k )  for 
k E o and the infinite set B, defined above. Since A $ do,by the almost disjointness 
of d ,A n{t,, (i)  :k E B,) is finite for all i E x, -dom(t). Hence there is k E Bt such 
that A n {tl,(i) : i E x ,  - dom(t)) = 0 and hence / rng(tk)nA1 = / rng(t) nA /  = 1. 



So tk E Y and rankDn(t,,) < rank^,, (t) ,  which is a contradiction. Hence t E D,, 
and obviously U,,J C U,,J. This establishes the lemma. 

Now we prove that for A E9-do,XA g X. Let A E9- d o .  By induction 
on n Eo we shall construct a decreasing sequence of basic clopen sets U,,/,, such 
that us,,+,,^,,+, CD, and such that rng(s,) n A = 0. Let so = 0, and let f o  E "o 
be arbitrary. Assuming we have constructed s,, f,, by Lemma 6.3 we can find 
s,+l ED, such that rng(s,+ I ) n A = 0, n E dom(s,+l ) and U,,+,, , fn  L Us,,,,f,,. Since 
S,+I E D, there is g, E such that Us,,+,,,, C U,. Let f,+,= max{f,,g,). 
Then Us,+l,,fn+lC U, n Us,,,/,,. NOWlet x = Untos,. Then x E "o and x E 
XA n n,,, U,. Consequently, XA g X. The theorem is proved. 

Since there is an almost disjoint family 9C [o]" of cardinality 2", the following 
result is immediate. 

COROLLARY6.4. (a) add(Yg) = add(-?,) = ol . 
(b) cof(-?,) = cof (Y,) = 2'O. 
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