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HECHLER REALS
GRZEGORZ LABEDZKI AND MIROSLAV REPICKY

Abstract. We define a g-ideal Fo on the set of functions “w with the property that a real x € “w
is a Hechler real over V if and only if x omits all Borel sets in f5. In fact we define a topology & on
“o related to Hechler forcing such that #g is the family of first category sets in &, We study cardinal
invariants of the ideal #g.

§0. Introduction. In the paper we perform a topological characterization of
Hechler reals, i.e. generic reals added by Hechler forcing D (defined below). This
is similar to the topological characterization which is known for Cohen reals. For
this reason we shall introduce the so-called dominating topology £ on the set of
reals “w and show that a real is a Hechler real if and only if it omits all Borel sets
coded in the ground model which are meager in the topology & (Theorem 4.3).

For any ideal .# let us consider the following cardinal invariants:

add(.#) =min{|.%| : 5 C 7 & | J A ¢ 7},

cov(.#) =min{|#| : A C & & | J A =5},
non(.#) =min{|4|: A C | JF & 4 ¢ 7},
cof(F) =min{|S|: #H C F & (V4 € #)(3B € #)(4 C B)}.

For the ideal #5 of meager sets in the topology & we shall prove that cov(.fg) =
add(#) and non(F5) = cof (#) (Theorem 3.6), where # is the ideal of meager
subsets of the set of reals. The same equalities hold for the ideal of meager subsets
of the Stone space of the complete Boolean algebra r. 0.(ID), which is isomorphic
to the factor algebra Borel/ %o . Using the ideas of [2] and [3], we easily get the
equalities add(.#g) = add(#g) = w; and cof(Fg) = cof (Fg) = 2¢ (Corollary
6.4). The ideal .5 is orthogonal to the ideal of meager sets of reals as well as
to the ideal of measure zero sets (Theorem 5.5), but the intersection Fg N .# is
still large in some sense (Theorem 5.4).

The dominating topology & is a completely regular c.c.c. topology and the
density number for & is equal to the cardinal number 9—minimal cardinality
of a dominating family of functions in “e with respect to the (pre)ordering <*
defined by f <* g iff (V°k)(f (k) < g(k)), for f,g € “w. Here (V*°k) stands for
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(3n)(Vk > n). Similarly, (3°°k) abbreviates (Vn)(3k > n). Further let us recall
that b is the minimal cardinality of an unbounded family of functions. We use
standard set-theoretical notation.

We choose the following form of Hechler forcing:

D={(s,f):5 € ““0 & f € “w},
(s, f) < (t,g) iff tCs & (Vk)[(Ih(z) <k <lh(s) — g(k) < s(k))
& (k > Ih(s) — g(k) < f(k))].

Note that the set {(s, f) € D : s C f} is a separative dense subset of I, and
usually this set with the same ordering is denoted as Hechler forcing. The reason
for taking the set D is to simplify some of our future notation.

§1. Dominating topology . Let d be the canonical name for a generic real
over D and let (s, f) € D. Then (s, f) IF “s C d & (Vk > lh(s))(f (k) < d(k))”.
Weput Usy = {x € “0 : s C x & (Vk > Ih(s))(f(k) < x(k))}. Then
(s, f) IF “d € U, ;” when looking at the definition of the set U, s, and clearly,
this is the whole information that (s, f) can give about d.

LemMA 1.1. The family {Uss : s € <“w & [ € “w} is a base of a topology.
Moreover, every set Uy r is clopen in this topology.

ProoF. The first part follows from the fact that whenever Us s N Uy, # 0 then
Uss NUg = UsUimax{f¢}- Let o be the function constantly equal to zero on w.
Now since

Y0 —Usy = U{ U, : (3k € dom(s) Ndom(¢))(s(k) # t(k))
V (3k € dom(t) — dom(s))(¢(k) < f(k))},

these sets are all clopen in the generated topology. O

The topology described in the above lemma will be denoted by &, and let Xo
denote the topological space (“w, ). The family of all first category (meager)
sets in X is denoted by 5. Note that the sets U, = [s], for s € <“w, are
just basic clopen sets of the Baire space “w. Hence the sets U s are all closed
subsets of the Baire space. We will work permanently with both the dominating
and the Baire topology on the set of functions, and to avoid misunderstandings
the following convention will be useful. When we speak about notions concerning
the dominanting topology we will use & in the prefix of the words in the absence
of any other such description, e.g., Z-open, & -meager, Z-dense, or when we
use notions of both topologies for a single object, e.g., open Z-dense set. In the
opposite case the topological notions on the set of functions will refer to the Baire
topology.

Let Borel denote the family of Borel subsets of the Baire space, and let Baire
denote the family of sets having the Baire property in the Baire space. Let Borely,
Bairey denote the corresponding families for the space Xg.

Note that Borel G Borelg. The inclusion is obvious since each open set is Z-
open. To see the inequality let us choose an almost disjoint family 2 of subsets
of w of size 2 and let X C “2 be the set of all characteristic functions of sets in
% . There is a set Y C X which is not l'[{. As Y C “w we can define a Z-open
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set U= cy Ups. Now as
Y={x€®w:xcU&VyecU)(vn)(y(n) <x(n) —y=x]}

is not IT}, U cannot be Borel.

LemMa 1.2. (a) The topology @ is stronger than the Baire topology.

(b) The topological space Xo is a zero-dimensional (and therefore Tychonoff)
c.c.c. space.

(¢) X is a Baire space, i.e. no open set in Xg is meager.

(d) The ideal Fo has a Borel base (in sense of the Baire topology).

(€) The factor algebras Borel/ 4, Borely | o, Baire| o and Baireg | 7o are
all complete Boolean algebras isomorphic to the Boolean algebrat.0.(Xg ) of regular
open sets in Xg.

(f) The minimal size of a dense subset of Xg is 0.

Proor. The assertions (a), (b) are clear.

(c) Let U, be open dense in X for n € w and let U, s be any basic clopen set.
Without loss of generality we can assume that U,,; C U, for all n. By induction
on n € w let us define a sequence of basic clopen sets Uy, r, such that Uy, s, = Uy ¢
and Uy, .. € Us, 5, N Uy Let x € “o be defined so that s, C x for all .
Clearly, x € U, for every n € , and so [, U, is dense in Xg.

(d) All basic clopen sets of Xg are closed. Hence by c.c.c. of Xg, every &-
open dense set contains an F, &-open dense set and every & -meager set can be
covered by a Gs, Z-meager set.

(e) It can easily be seen that regular open sets in Xg are representatives of
the factors of all mentioned factor algebras and that all these correspondences
preserve order.

(f) If X C Xo is @-dense then for any f € “w there is x € X N Uy s, and
consequently, f (k) < x(k) for all k € w. In the opposite direction, let X C “w
be any dominating family in “w such that |X| = 0. Then

X*={x€e®w: 3y e X)V°k)x(k) =yk)}

is I -dense. O

Note that there is a more general way yet to define an ideal .#» on the set of
reals for a c.c.c. forcing notion P so that r.0.(P) ~ Borel/ #p holds. The only
condition which has to be put on P is that a generic filter on P is definable from
a real or, equivalently, that r. 0.(P) is countably generated. Let t be the canonical
P-name for a generic real on P. The ideal .#p can be defined by means of the
o-complete homomorphism / : Borel — r.0.(P) defined by 4(B) = ||t € B*||,.,.(p),
for B € Borel, where B* is the forcing term for a Borel set with the same Borel
code as the set B has.

A similar approach using the notion of category base was already developed
for amoeba reals in [10].

Z-meager sets and F, Z-meager sets. Let .7 denote the ideal generated by
all F, subsets of the Baire space which are Z-meager. The family .#J is a o-ideal
with the following description.

LemMA 1.3. Let A C “w. The following conditions are equivalent.

(i) 4 €.75.
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(i) There exists a sequence of open Z-dense sets U, C “w such that A N
MNuecw Un = 0.

(iii) There exists a Gs D-dense set G C “cw such that AN G = .

(iv) There exists a sequence (s, : n € w) of elements of <“w such that AN

nmau Un>m [S,,] = (Z) and
() (Vt € <“0)(Vf € “w)(T®k)[t C si & (Vi € dom(s, — 1)) (sx (i) > f(i))].

ProoF. (i)« (ii)«(iii), since the intersection of countably many open Z-dense
sets is Z-dense.

(ii))—(iv). Let G be a G5 & -dense subset of the Baire space such that AN G = 0.
The set G is the intersection of a decreasing sequence of open sets U, for n € w,
and every open set U, is the union of a sequence of disjoint basic clopen sets
in “w, say [t,m], m € o, such that lh(¢,,,) > n for all m € w. Let {s, : n € w} be
an enumeration of the family {¢,,, : n,m € w}. We prove that this is a sequence
such as we are looking for. Let 1 € <“w, f € “w. Every U, is Z-dense; hence
for n > 1h(¢) there is x € U, N[t] such that x(i) > £ (i) for all i € w — dom(z).
Choose m,k € w such that x € [t,,,] and t,,, = s¢. Then s(i) > f(i) for all
i € dom(sy — t), since lh(s;) > n and for every n we can find such k there are
infinitely many k’s with the same property. We will finish this part of the proof
by showing that G = (,,c,, Upsmlsn]. Let x € N, U,sn[s4], ie. for infinitely
many n € w, x € [s,]. Since every set U, was partitioned into disjoint clopen
sets, it follows that x € U, for infinitely many »n € w, and by monotonicity of this
sequence we get x € G. The inverse inclusion is obvious too.

(iv)—(ii). The sets U,, = |J,,,[s] are open Z-dense. d

We will need the following observation. For f € “w the set

Dy = {x €% (vok)(x(k) > £(k))}

is open dense in Xo and Dy is the disjoint union of basic clopen sets Uy, for
s € Sy, where

Sy ={0}u U{s € lw:s(k) < fk)}.

kew

For every s € Sy, s € “w for some k, let 7, s : U; y — “w be the bijective mapping
defined by

ngr(x)(i) = x(k +i) — f(k+1).

Notice that if the sets U,y and “w are both endowed with the topology induced
either by the Baire topology or by &, then 7, , is a homeomorphism.

LeMMA 1.4. Let D be an open dense set in Xg which is the union of a sequence
of basic clopen sets {Us, s, : n € w}, and let [ € “w eventually dominate all f,,
n € w. Then for every s € Sy the set ny s (DN Us ;) € D is an open D-dense subset
of the Baire space.

PrOOF. Since 7, s is a homeomorphism with respect to the topology <, the set
s (DN Usy) is @-dense. Since f dominates the functions f,, Us, s, N Us s =
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U{Uy,r : Uy C U, s, N Uss} for all n € w. From the last equality it can easily
be seen that 7, (D N Uy s) is open. O
LemMma 1.5. There are mappings
(ii) ,B fg X w—»fé,
(iii) y Jgj X0 — Fg,
(iv) 0: 2(°0) x “0 — P(“w),
such that for all A€ Sy, Be Fg, C C®w the following conditions hold:
(1) a(d) <* f & p(4,f) S B — A Cy(B, f);
(2) a(4) < f & CNP(A, f)=0—A4N3(C, f) =
(3) a(d) <* f &d(C,f) C4— C CB(4,f);
4) C#0-05(C f)#0&0(C, f)| S w-|C|.

PrOOF. Let 4 € Fo, f € “w. Thereis a sequence U,, n € w, of open dense sets
in Xg such that AN(,c,, U, =0. For each n let {Ug /n : m € w} be a maximal
disjoint family of basic clopen sets, subsets of U,. Let a(4) € “w be a function
which eventually dominates all functions f7, n,m € w. Now if a(4) <* f we
set B(4, ) = U,es, s,r (4N Uy ). Note that by Lemma 1.4 the set

m s, f <ﬂ U,N Us,f) = ﬂ ﬂ ns,f(U,,ﬂ Us,f)

SESy new SESy new

is G5 Z-dense disjoint with S(A4, f). Hence f(4, f) € 7. If a(A4) £* f, we set
B4, f) =

For Be€ 75, C C%w, f € “w we define

y(B,f)=|J n;}(B)u(°w - Dy),

SES,'

8(C,f) = =} (0).

SESy

Since the functions 7, s are homeomorphisms y(B, f) is in #g, and since the
sets U, s for s € Sy form a partition of D, the conditions (1)-(4) can be easily
verified. O

Using these four mappings we easily get the inequalities in the following lemma.

LemMMA 1.6. (a) min{b,add(.7g)} < add(.75);

(b) min{b, cov(.7Z)} < cov(Fg);

(c) non(Fo) < max{v,non(.#g)};

(d) cof(Fo) < max{d,cof (Fg)}.

PROOF. (a) Let & C S, |#| < min{b,add(.#g)}. Then there is f € “w such
that f dominates all functions a(4) for 4 € &, and B = J,c, B(4, f) € 75
Hence by (1), J& C y(B, f) € Fq.

(b) Let & C Fg, |¥| < min{b,cov(.#5)}. Thereis f € “w dominating all
a(Ad), A € &, and by the same assumption, the family {8(4, f): A € &} is not
a covering family. Hence, by (2) and (4), U¥ # “w

(c) Let X C “w be a dominating family of functions, and let C C “w be such
that |[X| =9, C ¢ #g and |C| = non(.#g). By (4), the set 4 = Ufexé(C,f)
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has cardinality equal to the cardinal max{d,non(.#3)}. We show that 4 ¢ 5.
Otherwise there would exist £ € X such that a(4) <* f. Now 6(C, f) C 4, so,
by (3), C C (4, f), which contradicts our assumption that C ¢ .#5. Therefore
A¢ Fa.

(d) Let X C“w be a dominating family and & a cofinal family in .#g such that
|X| =0 and |B| = cof (FZ). Then the family & = {y(B,f):BE B & f € X}
is cofinal in Fg and || = max{?, cof(.Fg)}. O

§2. Some remarks on Stone spaces. The results of this section are at least im-
plicitly known (see e.g. [8], [4], [1]).

Let X, Y be topological spaces. A function f : X — Y is said to be J-open
(see [8]) iff the inverse image of any nowhere dense subset of Y is a nowhere dense
subset of X. We say that a function f : X — Y is d-continuous iff the image of
any nowhere dense set is nowhere dense.

We write cov(X) and non(X) for cov(#y) and non(/Zy), respectively, where
My denotes the ideal of meager sets in X. The following lemma is easy.

LemMma 2.1. (i) If there is a 6-continuous function from X onto Y, then cov(Y) <
cov(X) and non(X) < non(Y).

(i) If there is a 5-open function from X into Y, then cov(X) < cov(Y) and
non(Y) < non(X). O

Lemma 2.2. (i) If f : X — Y is a continuous irreducible function, then f is
o-continuous.

(ii) If f : X — Y is a continuous open function, then f is 5-open.

Proor. (i) Let N C X be aclosed nowhere dense set, and assume that Int( £ (N))
# (0. Choose a nonempty open set U C f(N). Since f~!(U) is open, the set
F =(X - f~(U))UN is a proper closed subset of X and so f is not irreducible.

(ii) is easy. O

For a Boolean algebra 4, St(4) denotes the space of all ultrafilters in 4 with
the clopen base for topology formed by sets [a]lys = {p € St(4) :a € p}, fora € 4.

LemMa 2.3. Let B be a subalgebra of a Boolean algebra A and let f : St(4) —
St(B) be the continuous mapping defined by f(p) = p N B.

(a) B is a regular subalgebra of A if and only if f is 5-open.
(b) B is a dense subalgebra of A if and only if f is irreducible.

PROOF. (a) “B is a regular subalgebra of A” iff “whenever \/® By = 1 for some
By C B then \/* By = 1” iff “whenever the set U = J.ep,[als is open dense in
St(B) for some By C B then f~'(U) = J,¢p,[al4 is open dense in St(4)”.

(b) “f is not irreducible” iff “there is a proper closed set N C St(4) such that
the function /[N is onto St(B)” iff “there is an a € 4, a # 1, such that f[[al,
is onto St(B)” iff “there is an a € A4, a # 1, such that for every p € St(B) there
is p’ € [al4 extending p” iff “there is a € A4, a # 1, with no b € B such that
04b<a. 0

LEMMA 2.4. Let f : X — Y be continuous open. Then the functione :r.0.(Y) —
1.0.(X) defined by e(U) = f~'(U) is a complete embedding of complete Boolean
algebras.

Proor. First note that f~! commutes with the operations cl and Int: Let 4 C
Y. c(f~1(4)) C f~(cl(4)) and if x € X —cl(f~1(4)), then UN f~1(4) =0
for some open U C X such that x € U. Hence f(x) € f(U) and f(U)NA=0.
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As f is open, x ¢ f~!(cl(4)) and so cl(f~!(4)) = f~!(cl(4)). Consequently,
f Int(4)) = f7H (Y —cl(Y — 4)) = X —cl(X — f7'(4)) = Int(f ~'(4)).

ForU er.o.(Y), f~H(U) = f~'(Int(cl(U))) = Int(cl(f ~}(U))) is regular open
in X and so the function e is well-defined. It can easily be seen that e is a Boolean
embedding. We show that e is complete: e(\/: Uz) = S Int(el(U, Ue))) =
Int(cl(U; f~1(Ue))) = V, e(Ue). O

LEMMA 2.5. Let X be a zero-dimensional topological space. Then the mapping
F : X — St(clopen(X)) defined by F (x) ={U : x € U € clopen(X)} is a topological
embedding.

Proor. Since each point has a neighbourhood base consisting of clopen sets,
the mapping F is one-to-one. There is a correspondence between the family of
clopen sets in X and the family of clopen sets in St(clopen(X)) which ensures that
F is an embedding. O

LEMMA 2.6. Let X be a zero-dimensional Baire space. Then:

(i) cov(X) < cov(St(clopen(X))) = cov(St(r. 0.(X))),
(ii) non(X) > non(St(clopen(X))) = non(St(r. 0.(X))).

ProoF. The equalities hold by 2.1 and 2.3 since clopen(X) is a dense regular
subalgebra of r. 0.(X). The inequalities are consequences of 2.5 since X is home-
omorphic to a nonmeager (X is a Baire space) dense subset of St(clopen(X)). O

§3. Cardinal coefficients. Let ¢ : “ — “2 be the mapping defined by ¢ (x)(k) =
x(k) mod 2, for x € “w. It is not hard to see that ¢ is continuous and open
as a mapping from Xg to “2 as well as a mapping from the Baire space “w to
©2. Hence we can apply for both topologies on “w the following lemma with
an application for the ideal .#g.

LemMma 3.1. If a mapping ¢ : X — Y is continuous open, then o~ (U) is an
open dense subset of X whenever U is an open dense subset of Y.

THEOREM 3.2. cov(.Fg) = cov(A), non(.#Z) = non(A).

PROOF. Since .#g C #, immediately we have cov(#) < cov(.#g), non(.#g) <
non(.#). For the proof of the reverse inequalities we use the fact that the cardinal
invariants of the ideal of first category sets in all Polish spaces are the same. So,
using the previous lemma and a remark before it, for any open dense set U C “2,
=1 (U) is an open P -dense subset of “w and hence ¢~ (4) € 7 whenever 4 is
ameager subset of “2. It follows that cov(.#5) < cov(.#) and non(#) < non(.#g).
Therefore the equalities hold. O

LemMa 3.3. cov(St(r. 0.(X5))) < cov(#), non(#) < non(St(r.o0.(Xz))).

ProoF. The function ¢ : Xg — “2 defined by ¢(x)(k) = x(k) mod 2 is
continuous and open. Hence by 2.4 there is a complete embedding e : r.0.(“2) —
r.0.(Xg). By 2.3(a) there is a J-open function y : St(r. 0.(Xg)) — St(r.0.(*2)).
By compactness, St(clopen(©2)) ~ 2, and since clopen(®2) is a regular subalgebra
of r.0.(?2), by 2.3(a) there is a 5-open function 6 : St(r. 0.(“2)) — “2. Now as the
composition of the d-open functions v, 8 is 5-open, the inequalities of the lemma
are consequences of 2.1(ii). O

LemMa 3.4. cov(St(r.0.(Xz))) < b, 0 < non(St(r.0.(Xg))).

PrOOF. Let G = {p € St(r.0.(Xz)) : (Vn)(3Is € "w)([s] € p)}. The set G is
a Gs dense subset of St(r.0.(Xg)). Let us consider the mapping ¢ : G — “w
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defined by ¢(p) = U{s € ““w : [s] € p}. For f € “wlet G, = {p € G
(vk)(e(p)(k) > f(k))} and let Uy = J,c<w, {p € St(r.0.(Xa)) : U; s € p}
The set Uy is open dense in St(r.0.(Xg)). Let p € Uy N G. Then for som
s € ““o we have U s € p, and by the definition of ¢(p), [¢(p)lk] € p for al
k € w. It follows that Us ; N [p(p) k] # 0 for all k, and so ¢(p)(k) > f(k) fo
all k£ > Ih(s). Hence p € G4, and so the set G contains the G5 set Ur N G.

Now if X C “w is an unbounded family of functions, then (., G, = 0, anc
if 4 C St(r.0.(Xg)) has cardinality less than 9, then 4N G, = 0 for some f € “w
Hence the inequalities take place. C

Notice that the last two lemmata are based on the facts that the forcing D add
a Cohen real and a dominating real. The proof of the next theorem can be founc
in [6] (see also [12] and [11]), so we do not prove it here.

THEOREM 3.5 (J. Truss, A.W. Miller, J. Cichon). (a)add(.#)=min{b,cov(.#)}

(b) cof (#) = max{v,non(.#)}. C

THEOREM 3.6. (a) cov(Xg) = cov(St(clopen(Xg))) = cov(St(r.0.(Xg))) =
add(#)

(b) non(Xg) = non(St(clopen(Xy))) = non(St(r.0.(Xg))) = cof (#).

Proor. Put together the results 1.6(b)(c), 3.2, 2.6, 3.3, 3.4, and 3.5. C

CoROLLARY 3.7. add(#) is the least cardinal x such that there is a family & o
dense subsets of D, |Z| = k, and there is no Z-generic filter on .

PROOF. It is an easy exercise to prove that the above cardinal & is equal to the
cardinal cov(St(r. 0.(Xg))). C

Now we know that the additivity of any of the ideals .%o, #Z is between w; anc
add(4), and the cofinality is between cof (#) and 2. By Lemma 1.6, moreover
add(#o) = | implies add(.#g) = w,, and cof (Fg) = 2° implies cof (.7g) = 2%
In §6 we shall prove that the additivity is equal to w; and the cofinality is equa
to 2¢ for both ideals.

§4. Hechler reals. Let us recall that Borel sets of reals can be represented by
means of Borel codes (see [9]). The set BC of Borel codes is a IT} subset of “«
and for every real ¢ € BC a Borel set B, is assigned in such a way that the relation:
B.C By, B.=0, By = B.N By, By =B, — By, B. =, B, etc., are all IT;.

Let us fix an effective enumeration {¢,, : m € w} of ““w. We say that a rea
¢ € ?*?¢ codes the following Z-open set:

Ue = J{Up sy s c(m,0) = 1 & (VE)(fr (k) = c(m, k + 1))},

which is the union of a countable family of basic clopen sets in Xg. One car
easily describe a Borel function F : “*“@w — BC such that U. = By, for al
¢ EPXPq,

LemMA 4.1. (a) The predicate “c € “*“w codes an open dense subset of X
which is the union of a disjoint family of basic clopen sets” is I1}.

(b) The predicate “c € “*“w codes an open Z-dense subset of X" is I1}.

ProoF. (a) Note that the predicate “U, is Z-dense” is equivalent to the fol-
lowing IT} formula:
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(Vn)(Vf € “0)3m)3k)[ty =t Ut, & c(m,0) =1
& (Vi € dom(ty, — t,,)) (15 (i) > c(m,i + 1))
& (Vi € dom(t — 1,)) (2 (i) > £ ()]

Whether the intersection of two basic clopen sets is empty or not depends only
on finite initial parts of functions, the formula

(Vk, D) ((k #1 & c(k,0) = ¢(1,0) = 1) = Uy, 1, N Uy, 5, = 0)

is arithmetical. Hence the predicate “U. is the disjoint union of basic clopen sets”
is arithmetical.
(b) The proof of this part is similar. O
LemMaA 4.2. The predicates B, € Fo, B, € S are Z;.
PROOF. B, € Fo iff

(3c € “("*“w)) (Ba N m U.(n) =0 & (Vn)(U,(,) is open dense in Xg;))

new

iff

(3c € °(“*w)) (B,, N m Br(c(m) =0 & (Vn)(U,(,) is open dense in Xg)) .

new

Similarly, B, € .72 iff

(3c € °("*“w)) (Ba N m Bre(n) =0 & (Vn)(U,(,) is open 9-dense)> . O

new

THEOREM 4.3. Let d € “w. The following are equivalent.
(i) d is a Hechler real over V,
(i1) for each c € **°w NV, whenever U, is open dense in Xo and whenever
U. is a disjoint union of basic clopen sets, then d € U,;
(iii) for each a € BC NV, whenever B, € Fo, then d ¢ B,.
ProoF. By definition, the set U, is dense in Xg if and only if the family

A ={{tms fm) : fm €0 & c(m,0) =1 & (Vk)(fm(k) = c(m,k + 1))}

is a predense subset of D. Moreover, for every countable predense subsetin 4 C D
there is some ¢ € “*“w such that 4 = 4,.. Hence it is easy to see that a real d
is a Hechler real if and only if d satisfies condition (ii), i.e. (i)« (ii).

The implication (iii)—(ii) is trivial, and we prove (i)— (iii).
Let d be a Hechler real, and for some a € BC NV let B, € #4. There is a sequence
{cn:n € w} C**“w such that B, N[, Br(,) = 0 and the U, are open dense

new
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in Xg. By absoluteness of £} properties we can find the sequence {c, : n € 0} in
V with the same property and hence d € U,, for all n, which means d ¢ B,. O
For x,y € “w let x + y € “w and x — y € ®w be defined by

(x +y)(i) = x(@) + y(i), (x—y)i)=x(i)+y(i), fori€w,

where n = m =n —m if n > m, and n = m = 0 otherwise.
THEOREM 4.4. Let d € “w. The following are equivalent.
(i) d is a Hechler real over V;
(i) for every y € “@ NV, d + y is a Hechler real over V;
(iil) for every y € “@ NV, d — y is a Hechler real over V,
(iv) for every y € “w NV, whenever a € BC NV and B, € & then,
d—yé¢B,.

PROOF. (i)—(ii). The mapping ¢, : Xg — Xg defined by ¢,(x) = x + y is
continuous open and hence the inverse image of an open dense set is open dense, i.e.
w0, '(U.) ={x:x+y € U} is open dense whenever U, is open dense. Moreover,
for each ¢ € V we can effectively find some ¢’ € V such that ¢, '(U.) = U
Hence by Theorem 4.3(ii), if d is a Hechler real and U, for some ¢ € V is open
dense, then d € ¢, 1(U,) and so d + y € U,. Therefore d + y is a Hechler real.

(i)—(iii). Let d be a Hechler real over V and let y € “wNV. Then d (k) > y(k)
for all but finitely many k € w, and so without loss of generality we can assume
that d (k) > y(k) for all kK € w (otherwise take y’ = min{y, d }, which is also in V
and d — y =d — ). The mapping 7y, : Up , — Xg defined by 7y ,(x) =x —y
is a homeomorphism. Hence, whenever U, is open dense, the set

TCQI}I,(UC):{XE U@’y'.x——ye Uc}: U@,yﬂ(Uc+y)

is open dense in Uy ,. Since d € Uy, (similarly to the previous part of the proof)
we can derive d € U, + y and hence d — y € U, for ¢ € V. It follows that d — y
is a Hechler real.

(ii)—(i) and (iii)—(i). Take y such that y(i) =0, for all i € w.

(iii)—(iv). This implication is a consequence of Theorem 4.3 and Lemma 4.2.

(iv)—(i). Condition (iv) implies that d is a dominating real. We verify con-
dition (ii) in Theorem 4.3 to prove that d is a Hechler real. Let U, be an open
dense set in Xg which is a disjoint union of basic clopen sets {U,,, s,, : m € @}
coded by some ¢ € **?wNV. Let y € “wo NV be a function which dominates
all functions f,,, i.e. (Vm)(V>®k)(fn(k) < y(k)) and such that for all k¥ € w,
y(k) < d(k). By Lemma 1.4, the set 7y ,(U. N Up,) is an open Z-dense set
coded in V. Hence by the assumption, d — y € 7y ,(U. N Uy ,). Since y < d,

de n@,y<UC N U(D,y) +y= Uu.n UQ),y - Uc-

The theorem is proved. ]

§5. The ideal 75 versus .#g. While the ideal .#Z is a subset of the ideal of
meager sets .4, we will see that the ideal #g is far away from any such comparison,
since the ideals #5, # are orthogonal and the difference fo N A — 7 is still
very large. Let us start with several examples of subsets of “w.
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EXAMPLE 5.1. Let & € *2(w) be such that (3°°k)(|a(k)| = w). Then
A={x €0 : (V°k)(x(k) ¢ h(k))} € 7.

PrROOF. For m € w, the set B,, = {x € “w : (Ik > m)(x(k) € h(k))} is an
open subset of “w. Since 4 N(,,c, Bn = 0, it is enough to prove that the B,
are P-dense. Let f € “w and ¢ € <“w. There is x € U, s such that x(k) € h(k)
for some k > m, and hence x € B,, N U, s # 0. O

ExaMpLE 5.2. For f € “w the set

{x €“w: (V°k)(x(k) < f(k))} € 7.

ProoF. Take h(k) = w — f(k) in Example (5.1). O
EXAMPLE 5.3. Let f € “w, let a,b C w be two disjoint sets, and let |a| = w.
Then
A={x €% :(3%k € a)(x(k) < f(k)) & (Vk € b)(x(k) > f(k))}

€ Fy —fé.

Moreover, the set 4 is nowhere dense in Xg .

Proor. The set 4 is disjoint with the set B = {x € “w : (V*°n € w)(x(n) >
f(n))} which is open dense in Xg. Hence 4 € F5. Now we prove that 4 ¢ 73.
To get a contradiction, let us assume that 4 € #. By Lemma 1.3 there is
a sequence (s, : n € w) of elements of <“w such that 4 N, U,>,.[s:] = 0
and condition (x) holds. By induction let us find a sequence (,,,¢), : m € w)
of elements of <“w such that #; = 0 and ¢,, C t,, C ¢,,,, for all m € w, by the
following rules:

(a) There is i € dom(z,, — t/,) Na such that #,,(i) < f(i).

(b) For all i € dom(t,, — /) Nb, t,(i) > f(i).

(c) £, +1 = S», Where n is minimal with the property that ¢,, C s, and, for all
i€ dOIl’l(Sn - tm), Sn(i) > f(l)

Now let x = |J,,¢,, tm- By conditions (a), (b) of the construction it follows that
x € A while by (c), x €0, Upsmls]- This contradicts the choice of the sequence
of s,’s. O

The following theorem is a contrast to Theorem 3.2.

THEOREM 5.4. There are 2 many disjoint sets in Fg N M — 73,

PROOF. Let {a, : a <2} be an almost disjoint family of subsets of w (see [5]).
Let f € “w be any function such that for all but finitely many k € w, f (k) > 0.
For a < 2% let

Ay ={x €0 : (3% € a,)(x(k) < f(k)) & (Vk € w — a,)(x(k) > f(k))}.

By Example 5.3, 4o € Fg — Fg for all o and all these are pairwise disjoint
meager subsets of “w. O

Let the measure 4 on “w be the product measure of w copies of measure
4o on w defined by po({n}) = 27"~!. Note that there is a measure-preserving
homeomorphism from “w to (0, 1) — Q, where Q is some countable dense subset
of (0,1). Let ./ be the ideal of sets 4 C “w for which x(4) = 0. It is known that
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the ideals .# and .# are orthogonal, i.e. there is A € .# such that the complement
of 41isin A.

THEOREM 5.5. (i) The ideals #, Fo are orthogonal.

(ii) The ideals ¥, #g are orthogonal.

(iii) The ideals ¥, Fo are orthogonal.

ProoF. (i) For an f € “w the set Dy = {x € “w : (V®n)(x(n) > f(n))} is
a meager subset of “w and open dense in Xg.

The case (iii) follows immediately from (ii) since .#g C . We prove (ii). We
shall use inequality

X

< — .
55 S In(1 +x), for x € (—=1,00)

For each n > 1 let us choose f,, € “w suchthat -, ., > 5 7 m) 27i-1<1/n, and
let . (m) =35 1o 271"1<1/n. Set 4, = {x €%w: (Ym € w)(x(m) < f,(m))}.
By Example 5.2, the set 4 = |J,,, 4. is in #g. We shall prove that u(4) = 1.
We have pu(4,) = [],c,(1 —an(m)) <1, and so

—a,(m
— >
0> In(u E In(1 — o, (m _5_ l—a,,(m
-1
_1 Em o, (m) > —
Hence 1 > u(4) > sup,., e /=D =1, 0O

§6. The additivity and the cofinality of the ideals. The aim of this part is to
present some applications of the tools developed in [2], [3]. We prove that add(#o)
=add(Fg) = w; and cof (Fg) = cof (Fg) = 2. For this we will need the notion
of rank introduced in [2] for modified Hechler forcing conditions of which are pairs
of strictly increasing functions s, /. Our definition of rank is a slight modification
of it and corresponds with the forcing notion

D’ ={(s, f): (3x € [0])(s € "0 & f € “w)},

(s, f) < (t,g) iff tCs & (Vk)[(k € dom(s — ) — g(k) < s(k))
& (k € w — dom(s) — g(k) < f(k))].

Clearly, D is a dense subset of D, and for (s, f) € D’ the set

Uy, ={x€®v:sCx & (Vk €  — dom(s))(f (k) < x(k))}

is a clopen set in the dominating topology &'; we call it a basic clopen set too. In
the following the symbol Y denotes the set of all finite functions from w to w,
Le. Yo =, cppe “o.

We say that a set D C o is open if with each s € D, D contains all ¢ € “w
such that s C ¢; D is dense if for each s € ®w there is ¢ € D such that s C #; D
is relatively dense if for each s € D and ¢ € Yo such that s C ¢ there is s’ € D
such that ¢ C s’. Clearly, D is relatively dense whenever D is open or dense.
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Following [2], for a set D C “w we define a sequence (D, : o € w;) by induction
as follows: Dy = D, and, for a > 0

Dy = {s €% : (3x € [0]**)(Vk € )3t € | ] Dy)
f<a

[s Ct & dom(s) = x & (Vi € dom(z — s))(2(i) > k)]}-

The minimal & < w; such that ¢ € D, we denote by rankp(¢). If there is no
such o we write rankp(¢) = oo (see [3]). Let us denote

Rp = {t € ®w : rankp (1) < w1}, Up = U [s]-
seD

Since the set w is countable, there is o < w; such that Rp = D,,.

Note that Rp = “w if and only if <*w C Rp. We have the following charac-
terization.

LemMa 6.1. Let D C “w be relatively dense. Then Rp = “w if and only if Up
is D-dense.

ProOOF. Let the open set Up be Z-dense, and to the contrary let us assume
that we have some sy € ®w — Rp. We say that r € Rp is a minimal extension of
so if so C ¢ and ¢[x ¢ Rp for all sets x with dom(sy) C x & dom(z).

Claim. For every x € [w]<® such that dom(sy) C x there are only finitely many
minimal extensions t of sy with dom(t) = x.

Proof. Suppose that for some finite set x there is an infinite set 7 of minimal
extensions ¢ of so with dom(¢z) = x. By induction on i € x — dom(sy) we find
a decreasing sequence of infinite sets 7; C T so that for all i either there is n; € w
such that #(i) = n; for all ¢ € T; or #,(i) # t,(i) for all ¢,¢, € T}, t; # t>. Let
T = ﬂiex_dom(s()) T;. There is u € Yo such that so C u, dom(u) C x, u C ¢ for
allt € T' (ie. u(i) = n; for i € dom(u)), and ¢,(i) # t2(i) for i € x — dom(u)
and t,1, € T’, t; # t,. Hence for every k € w there is ¢ € T’ such that ¢(i) > k
for all i € x — dom(u). Therefore u € Rp, which contradicts the minimality of
the elements of 7’. The claim is proved. O

By the remark before the lemma, without loss of generality we can assume that
the domain of the function s¢ is an integer. For each n € w let T, be the finite
set of all minimal extensions ¢ of so such that max(dom(¢)) = n. Let us define
f € “w so that f(n) > max{¢(n) : t € T,} for all n € w — dom(sp). Since the
set Up is Z-dense, there is ¢ € D such that Uy,  N[t] # 0. As D is relatively
dense we can assume that sy C ¢. Hence ¢ € Rp, and so some function ¢’ C ¢ is
a minimal extension of so. Let n = max(dom(#’)). Then as dom(sp) is an integer,
n ¢ dom(sy) and ¢’ € T,. Therefore ¢(n) = t'(n) < f(n), which contradicts the
fact that U, , N[¢] # 0. This contradiction proves that the equality Rp = “w
follows from the assumption that Up is Z-dense.

Conversely, let Rp = “w and let f € “w be arbitrary. By induction on rankp (s)
we prove that Us s N Up # 0 for all s € Rp. Let & > 0 and let s € D,. There is
t € Dy for some f < o such that s C 7 and #(i) > f(i) for all i € dom(¢ — s).
Hence U, s C Uy and by the induction hypothesis U, s N Up # 0. Therefore Up
is Z-dense. O
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Note that if U is an open dense subset of Xg then the set
D={se:(3f €“w)(U,; CU)}

is a dense subset of “w and the set Up is an open & -dense subset of “cw. Therefore
Rp = %w. The original formulation of Lemma 6.1 in [2] (conveniently modified)
says that if D C “w is the set of first coordinates s of conditions (s, ) of some
open dense subset of Hechler forcing, then Rp = Yw.

For an infinite set 4 C w let

X4={x €“w:mg(x)N4 =0}

Clearly, X, is a closed Z-meager subset of “w, i.e. X4 € FZ. Let &/ C [w]” be
an uncountable almost disjoint family (see [5]). The following result is implicitly
proved in [3,Main Theorem)].

THEOREM 6.2. For any set X € Fg the family {4 € & : X4 C X} is at most
countable.

ProoF. Let (U, : n € w) be a sequence of open dense subsets of Xg such that
XNNyew Un=0,andlet D, = {s € ?w: (3f € “w)(U; s € U,)}. By Lemma 6.1,
Rp, =%w for all n € w. For every n € w and ¢ € w — D, we will define a finite
family &, of “bad” elements of & in the following way.

Given n € w, for each t € ®w — D, let us fix a finite set x, and a sequence of
t, = s(t,n, k) for k € w such that dom(¢) C x, = dom(z;), rankp, (#;) < rankp, (¢)
and #,(i) > k forall i € x;, —dom(¢) and all kK € w. By induction oni € x; —dom()
we construct a decreasing sequence of infinite sets B; C w so that whenever for
some A € & the set B/ = {k €\,_; B : tx(i) € A} is infinite then we set B; = B]
and if there is no such 4 € & we set B; = ﬂj<i B;. Let B, = ﬂieh_dom(,) B; and
let 7, , be the family of A4 € & for which there is i € x, — dom(¢) such that the set
B/ is infinite and for all k € B,, #;(i) € A. Since & is almost disjoint, the family
&, , 18 finite and for every 4 € & either A4 is almost disjoint with the infinite sets
{tx(i) : k € B,} for i € x, —dom(¢) or 4 contains one of these sets and 4 € &, ,.
We prove that the countable family

MO:U{Mt,n:nEw&teDn}

contains all bad elements of &, ie. for 4 € & — %, X4 € X. The following
result is crucial.
LEMMA 6.3. Let Ac & — Sy, n € w, s € °w, f € w. There is t € D, such that
|rng(t) N A| = |mg(s) N 4|, s C ¢t and t(i) > f(i) for all i € dom(t — s).
Proor. Let [ = |rng(s) N 4| and let

Y={tc% :5sCt&|mg(t)Nn4|=1& (Vi € dom(z —s5))(¢(i) > f(i))}.

Choose ¢t € Y with minimal rankp, (¢). We prove that ¢ € D,. To get a contradic-
tion let us assume that ¢ ¢ D,. Let us consider the sequence of #; = s(¢,n,k) for
k € w and the infinite set B, defined above. Since 4 ¢ %, by the almost disjointness
of &, AN{t;(i) : k € B,} is finite for all i € x, —dom(¢). Hence there is k € B; such
that 4 N {#.(i) :i € x, —dom(z)} = 0 and hence | rng(#;) N 4| = |rng(z) NA| =1.
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So t; € Y and rankp, (#) < rankp,(¢), which is a contradiction. Hence ¢ € D,,,
and obviously U, y C U; . This establishes the lemma. O

Now we prove that for 4 € & — &, X4 Q X. Let A € & — &. By induction
on n € w we shall construct a decreasing sequence of basic clopen sets Uy, 7, such
that U, r,., € D, and such that rng(s,) 14 = 0. Let 5o =0, and let f, € “w
be arbitrary. Assuming we have constructed s,, f,, by Lemma 6.3 we can find
Snt1 € D, such that rng(s,41) N4 =0, n € dom(s,41) and U, , 7, C Uy, 7,. Since
Snt1 € D, there is g, € “w such that U, ., C U,. Let f,11 = max{f,, g}
Then Uy, r,., € U, N U, s,. Now let x = |J,, 5»- Then x € “w and x €
X4 NN,ew Un- Consequently, X, € X. The theorem is proved. O

Since there is an almost disjoint family & C [w]® of cardinality 2%, the following
result is immediate.

COROLLARY 6.4. (a) add(Fg) = add(Fg) = w.

(b) cof (Fg) = cof (FG) = 2°. O
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