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Abstract
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A topological space X is said to be a wQN-space if from every sequence of continuous real
functions converging pointwise to zero on X one can choose a quasinormally converging sub­
sequence. Some properties of this and related notions are studied.
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Introduction

This work initiated in trigonometrical series theory. In [5], CholScevnikova proved
that every set E c:; (0, 1) of cardinality smaller than m (for definition see e.g. [10]) is
an No-set, i.e. there exists an increasing sequence {nk} ~=o of natural numbers such
that the series
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converges for every x E E.
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For a real x E IR,let Ilxll denote the distance of x to the nearest integer, i.e.

Ilxll = min{x - [x], [x]+ I-x},

where [x] is the integer part of x. In [2], Bukovska introduced the notion of aD-set:
E ~ (0, I) is aD-set if there exists an increasing sequence {nd~~o of natural numbers
such that the sequence {II nkx II}~=o quasinormally converges to zero on E (see Section
1 below). Then she shows that every set E ~ (0, I) of cardinality less than p (see
[10]) is a D-set. This is an extension of the above-mentioned result by CholScev­
nikova, since one can easily see that a D-set is an No-set (for details see [2]).

In [12], Gerlits and Nagy introduced the notion of a y-set. Galvin and Miller
[11] observed that

p = min{IXI: X ~ (0, I) is not a y-set}. (1)

So it was very natural to ask about the relationship between y-sets and D-sets. We
have observed two simple facts.

(i) Let us recall a simple consequence of classical Dirichlet-Minko~ski theorem
(see [4]): if XI' ••• , Xk are reals, e > 0 then there is a natural number n such that
II nXj II < e for i = 1, 2, ... , k. This statement is equivalent to the following one: the
zero function belongs to the closure (in the topology of Cp(X) ~ xlR, see [12]) of
the set {llnxll: n>O} for any X~IR. Hence, if Cp(X) is Frechet (i.e. X is a y-set)
then there exists an increasing sequence {nd~=o such that {llnkxll}~~o pointwise
converges to zero on X.

(ii) Using the characterization of y-sets in terminology of w-covers given in [12],
one can show that (see Theorem 6.1 below) every sequence of continuous real
valued functions converging pointwise to zero on X, contains a quasinormally
converging subsequence, provided that X is a y-set.

Thus as a consequence we obtain that a y-set is a D-see and the above-mentioned
results of [2, 5] follow by (1).

On the other hand, in [2] it is shown that in order to solve the old problem of
distinguishing so-called R- and N-sets one has to construct a set X ~ (0, I) such
that {IIn~ II}~=opointwise converges to zero on X for some increasing sequence
{nk}~~O' however no such sequence quasinormally converges to zero on X.

These were the main inspiration for introducing and investigating the notion of
a QN-set and related notions.

1. QN-space

We begin with recalling some notions and facts. Let I: X -+ IR,In: X -+ IR, n =
0,1, ... be real-valued functions. We say that the sequence {fn}~=O quasinormally

I This result has been presented by the first author at Logic Colloquium '89 in Berlin.



converges to f on X, written

QN
fn-f on X,
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if there exists a sequence of positive reals {en}':=o converging to zero (witnessing

the quasinormal convergence) such that

('fix E X) (3k) ('fIn;3 k) Ifn(x) - f(x)1 < en. (2)

This notion has been introduced and investigated in [6,7,2] (implicitly also in [5]).

Csaszar and Laczkovich use the words "equal convergence". We decided to use

"quasinormal convergence" because it seems to us that "QN-set" sounds better
than "E-set".

We shall need some simple properties of the quasinormal convergence. For the

proofs see [3,6,7] (Theorem 1.2 is proved in [3]).

Theorem 1.1. Let f, fn, n = 0, 1, ... be real-valued functions defined on a set X. Then

the following are equivalent:

(i) fn QN) fonX;

(ii) X = Uk Xk andfn ~fon Xk for every k;

(iii) X=UkXk,XO£X\£X2£··· andfn~fonXdoreveryk.

Moreover, if X is a topological space and all fn, n = 0,1, ... are continuous, we can

assume in (ii) and (iii) that all Xk are closed.

For the definition of the cardinal b see e.g. [10, p. 82].

Theorem 1.2. Let X = USES X., Isl<b. If fn: X ~ IR, n = 0, 1, ... are such that

fn QN) f on Xs for every s E S then fn QN) f on x.

If Y, p is a metric space,f,fn: X ~ Y, n = 0,1, ... , then we define the quasinormal

convergence fn QN) f on X in a natural way (depending on the metric p I).
Now we shall introduce the central notion of the paper. A topological space X

is called a QN-space if for any sequence {fn} ':=0 of continuous real-valued functions

pointwise converging to zero on X, also fn QN) 0 on X. X is called a weak QN-space

(shortly wQN-space) iffor any sequence {fn}':=o of continuous real-valued functions

pointwise converging to zero on X there is an increasing sequence {nk} ';=0 such

that fnk QN) 0 on X.
A set X £ (0, I) is called a QN-set (a wQN-set) if X with the subspace topology

is a QN-space (a wQN-space).

Evidently every QN-space is a wQN-space. A continuous image of a QN-space

(a wQN-space) is a QN-space (a wQN-space). Every countable space (more

generally, of cardinality less than b) is a QN-space.
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2. QN-subsets of the Haire space
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It turned out that the best subject for studying the QN-spaces is the Haire space

endowed with the order of eventually dominating.

Haire space is the set W w with Haire metric

8(X,y)={min{n: x(n~~y(n)}+I' ifx~y,0, otherwise.

The eventually dominating quasiorder ~* is the relation

x ~* y= (3k) (Vn ~ k) x(n)~y(n).

The Haire space is homeomorphic to the set of irrational numbers from (0, I). We

shall often identify subsets of Ww with corresponding subsets of (0, I) via canonical

homeomorphism (continued fractions).
We introduce some special functions from Ww into R For nEw, x E,ww we set

1
'Pn(x) =-. -----­

mm{k: x(k)+k> n}+1

One can easily check that 'Pn: Ww ~ IR is ,?ontinuous for every n, actually the set

{'Pn: nEw} is equicontinuous (if 8(x,y)<I/k, then l'Pn(x)-'Pn(y)I<I/k for any

nEw, x, y E Ww) and 'Pn(x) ~ 'Pn+t(x) for any x E ww, any nEw. Finally,

'Pn ~ 0 on ww.

Theorem 2.1. Let X be a subset of Ww. The following are equivalent:
(a) X is bounded, i.e. there is z E Ww such that x ~* z for any x EX;
(b) 'Pn QN) 0 on X;
(c) there is an increasing sequence {nd ~=0 such that

QN
'Pnk ~O onX.

Proof. (b) follows from (c) by the monotonicity. So (b) and (c) are equivalent.

Assume that X is bounded. If x( k) ~ z( k) for every k ~ ko, then

min{k: x(k)+k> n}~min{k: z(k)+k> n}

for every n ~ no = max{x(i) + i: i < ko}. Thus 'Pn(x) ~ 'Pn(z) for n ~ n~ and the

sequence of reals {'Pn(z)}':=O witnesses the quasinormal convergence of {'Pn}':=O
on X.

Now suppose that 'Pn QN) 0 on X and that {en}':=o witnesses the quasinormal

convergence. We can suppose that {en}':=o is nonincreasing and l~en~I/(n+1)

for every n.
Denote
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Then kn ~ 00, kn";; n and we can define
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z(i) = n - i for kn-1,,;; i < kn•

By direct computation you can see that z is an upper bound (in the relation of

eventually dominating) of the set X. 0

Corollary 2.2. If X <:; Ww is a wQN-set then X is bounded.

Corollary 2.3. The notions of QN-space and wQN-space are not hereditary.

Proof. Take any unbounded subset X of the Baire space, X endowed with the

discrete topology. Then X is not a wQN-space.

Let X* = Xu {oo} be the one-point compactification of X. If fn : X* ~ IR, nEW,

are continuous and fn ~ 0 on X*, then for every n there is a finite set Xn such that

Ifn(x) - fn(oo)1 < I/(n + 1)

for every x E X - Xn. Then Uk Xk is countable and {II (n + 1) + Ifn (00) I}':~o witnesses

the quasinormal convergence fn ~ 0 on X -Uk Xk• 0

Unfortunately this result is not satisfactory because the space X is not perfectly
normal and even short of continuous real-valued functions.

3. Cardinal characteristics

We shall restrict our considerations to perfectly normal spaces.

Let non(QN-space) denote the minimal cardinality of a perfectly normal space

which is not a QN-space. Similarly we define non(wQN-space), non(QN-set),

non(wQN-set).

The cardinal add(QN-space) denotes the minimal cardinal a such that there is

a perfectly normal non-QN-space which can be expressed as the union X = Ui'<a Xi'
where the Xi"s are QN-spaces. Similarly the remaining three cases.

The cardinalI) is defined and investigated in [1 J-it is the minimal nondistributivity

of the Boolean algebra ~(w)/fin. It is well known that I)~b>~o.

Theorem 3.1. add(QN-set) = add(QN-space) = b.

Proof. The inequalities

add(QN-set) ~ add(QN-space) ~ b

follow from Theorem 1.2. By Corollary 2.2 we have

add(QN-set),,;; non(QN-set),,;; non(wQN-set) = b. 0
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Actually we have shown more.
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Corollary 3.2.

non(QN-space) = non(QN-set) = non(wQN-space) = non(wQN-set) = b.

Theorem 3.3. b:;;.add(wQN-set):;;. add(wQN-space):;;'~.

Proof. The first two inequalities are evident, so we have to prove the third one.

Let X = U€<a X€, a <~,X be a topological space, and let X€ be a wQN-space
for every g < a. Let f,. :X ~ IR be continuous, n =0, 1, ... and fn ~ 0 on X.

If A ~ w is infinite, we denote by c(A, n) the nth element of A, i.e. A =

{c(A, n): nEw} and

c(A, 0) < c(A, 1) < ....
Let us remark that if hn QN) 0 on some set Y then there is an infinite A ~ w such that

('tIx E Y) (3k) ('tin:;;. k) Ihc(A.n)(x)1 < 1/(n + 1)

i.e. the quasinormal convergence of {hc(A.n)}~=o is witnessed by {1/(n + 1)}~~o.
Now, since every X€ is a wQN-space the set

X€={AE[W]w: {1/(n+1)}~=o witnesses the quasinormal

convergence of {fc(A.n)}~=o}

is dense in 9Jl(w)/fin, i.e. for any infinite B ~ w there is a set A E X€ such that A ~ B.
Especially, the Boolean union of X€ in the Boolean algebra 9Jl(w)/fin is equal to
the unit element.

Since a <~, the Boolean algebra 9Jl(w )/fin is a-distributive. Hence, there is an
A E [w]W such that there are A€ E X€, g < a with A - A€ finite. Let

Yn =U {X€: ('tIm:;;. n) (m E A~ m E A€)}.

Then X = Un Yn· Since {fc(A, k)}~=Oquasinormally converges on Yn with the control
{1/max{1, k-n}}~~o, it also does so on X. 0

4. Some properties of QN-spaces

As we shall see later a subset of a QN-space need not be a QN-space, i.e. the
notion of a QN-space is not hereditary. However:

Theorem 4.1. An Fu-subset of a perfectly normal QN-space (wQN-space) is a QN­

space (wQ N-space).

Proof. By Theorems 3.1 and 3.3 it suffices to prove the assertions for closed subsets.
So let X be a perfectly normal QN-space, and A ~ X a closed subset. Let fn : A ~ IR

be continuous, fn ~ 0 on A.
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Since A is closed in a perfectly normal space, there exist open sets Bo;2

Bt;2 ... such that

n

For every n, let hn: X ~ IR be continuous and such that hn IA =f" and hn(x) = 0 for

x E X - Bn. Then hn ~ 0 on X. Since X is a QN-space, hn QN) 0 on X and therefore

In QN) 0 on A. 0

We show that some QN-spaces are small (topologically, in measure, dimension).

Theorem 4.2. Let X be a metric separable space, A being a subset of X without isolated

points. If A is a wQN-space, then A is meager in X.

Proof. The proof is a modification of a construction given in [8, p. 136]. It was

Laczkovich who kindly called our attention to this construction.

Let B = {rn : nEw} be a countable dense subset of A. For every nEW, let,xn,m E A,

m = 0,1, ... be such that xn,m ~ rn, xn,m,c rn for each mEw. Let fn,m: X ~ (0, 1/2n)

be a continuous function, fn,m(xn,m) = 1/2n and fn,m(x) = 0 for p(x, xn,m) ~

!p(rn, xn,m)' Denote
00

hm(x) = L fn,m(x),
n=O

X E X, m = 0,1, ....

Then every hm is a continuous function from X into (0, 2) and hm ~ 0 on X

(pointwise) .

Assume now that A is not meager in X and that there exists a subsequence

{h m.}%'=0 quasinormally converging on A. By Theorem 1.1 there exist closed sets

A, s; X, I = 0, 1, ... , A s; U I Al such that

hm;40 on A nAt, 1=0,1,2, .... (4)

Moreover, we can assume that Al S; A (otherwise replace Al by Al nA). Since A is

not meager there exists an index p such that Int Ap ,c 0. Since B is dense in A there

is rn E Int Ap. Then xn,m E Int Ap for m ~ mo. Thus, for m ~ mo we obtain

sup{hm(x): x E An Ap} ~ hm(xn,m) ~ f",m(xn,m) = 1/2n.

This is a contradiction with (4). 0

Corollary 4.3. If A is a wQN-subspace of a metric separable space, then A is perfectly

meager. Especially, any wQN-set is perfectly meager.

Proof. If P is a perfect set, then P nA can be decomposed

PnA=AouAt,

where Ao is countable and At is dense in itself and closed in A. Then both Ao, At
are meager. 0



32 L. Bukovsky et al.

Corollary 4.4. If A is a wQN-set, then for every Radon measure /l on (0,1), the inner

measure /l *(A) is zero.

Corollary 4.5. If X is a wQN-set, then X is zero-dimensional.

Proof. X cannot contain any closed interval. 0

Corollary 4.6. If X is a completely regular wQN-space, then X has a clopen basis.

Moreover, if X is also perfectly normal then every open subset of X is a countable

union of clopen sets.

Proof. Let x E A c;: X, A being open. Then there is a continuous functionf: X ~ (0, 1),

f(x) = 0, f( y) = 1 for y E X - A. By Corollary 4.5 there is a clopen set U c;:f(X),
o E U, 1e u. Then f-l( U) is a clopen subset of A containing x.

In the case of a perfectly normal space take f such that A = {x EX: f( x) < I}. 0,
However this need not be true for the outer measure. Let a';;:: C be a regular

cardinal. A set X c;: (0, 1) is called an a-Sierpiriski set if Ixi ~ a and for every measure

zero set A, IA (')xl < a. Martin axiom implies the existence of a c-Sierpinski set.

Theorem 4.7. If X is a b-Sierpiriski set, then every subset of X is a QN-set.

Proof. Let A c;: X, fn : A ~ IR being continuous and fn ~ 0 on A. We can assume that

all fn are defined and continuous on a G/)-set G;2 A. Let C c;: G be the Borel set of

those x E G for which fn (x) ~ O. Evidently A c;: C. By the Egoroff Theorem (see e.g.

[9]) there is a set H c;: C such that fn ~ 0 on Hand C - H has measure zero.

Since IA (') (C - H)I <b the assertion follows from Theorem 1.2. 0

A continuous image of a Q N -space (wQ N -space) is also a Q N -space (wQ N -space).
We can show stronger result.

Theorem 4.8. Let f: X ~ Y be a mapping from a QN-space (a wQN-space) X into a

metric space Y. Iff is a quasinormallimit of a sequence of continuous mappings then

f(X) c;: Y is a QN-space (a wQN-space).

Proof. Let fn : X ~ Y, n = 0, 1, ... be continuous and such that fn QN) f on X. Then

there are closed sets Xk, k = 0, 1, ... , such that X = Uk Xk and fn ~ f on Xk,
k = 0,1, .... Thus f: Xk ~ Y is continuous and f(Xk) c;: Y is a QN-space. Since

the theorem follows by the u-additivity. 0
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5. A distributive law in topological spaces
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Let X be a nonempty set, d c:; g}>(X) being a family of subsets. d is called weakly

distributive if for any system An,m E d, n, mEw such that

nUAn.m=X
n m

there exists a function cp E Ww such that

un U Anm=X.
k n""km"i'l'(n) •

(5)

(6)

Let us remark that the weak distributive law is preserved in certain sense by

countable unions, e.g. the family of closed sets is weakly distributive if and only if

the family of F ,,-sets is weakly distributive. We shall use this fact later.

Theorem 5.1. Let X be a topological space. If the family of closed subsets of X is
weakly distributive then X is a QN-space.

Proof. Let fn : X ~ IR, n = 0,1, ... , be continuous and fn ~ 0 on X. The sets

An,m = {x EX: (V'k ~ m) Ifk(x)1 ~ l/(n + I)}

are closed and (5) holds true. Let cp E Ww be such that (6) holds true. We can assume

that cp is increasing. Set

e, = {2/(n + 1), for cp(n) ~ 1< cp(n + 1),3, forl<cp(O) (if any).

Then e, ~ 0 and for any x E X there is a k such that

Ifn(x)1 < en

for every n ~ k. 0

Theorem 5.2. Let X be a perfectly normal topological space. If the family of closed

subsets of X is weakly distributive then F,,(X) = Gs(X), i.e. X is a u-space (see [15]).

Proof. It suffices to show that Gs(X) c:; F,,(X). So, suppose AE Gs(X), A=nn An'

An open, An+l c:; An' n = 0,1, .... Let

An =U Fn,m
m

where F n,m are closed. Then

X=0 (ld Fn,mu (X -A»).

By the weak distributivity there is a function cp E W w such that

X=U n ( U Fn,mU(X-A»).k n~k m";:';'P(n)
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Since nn;>ok Umo<;cp(n) F n,m ~ A we obtain

A=U n U Fn,m' 0
k n;>okmo<;cp(n)

Corollary 5.3. Let X be a perfectly normal space. Then the family of closed subsets of

X is weakly distributive if and only if the family of Borel subsets of X is weakly
distributive.

Corollary 5.4. Let X be a perfectly normal topological space. If the family of closed

subsets is weakly distributive then every subset of X is a QN-space.

Proof. By Theorem 5.1, X is a QN-space. Let A ~ X; In : A ~ IR, n = 0,1, ... being
continuous, fn ~ 0 on A. There exists a Os-set B::;2A such that every fn can be
continuously extended to B. By Theorem 5.2 the Borel set C = {x E B: fn(x) ~ O} is
an F,,-set and therefore, fn QN) 0 on C::;2 A (by Theorem 4.1). 0

Corollary 5.5. Let X be a perfectly normal space. Every subset of X is a 'ON-space if
and only if X is simultaneously a QN- and au-space.

Corollary 5.4 can be equivalently reformulated as:

Corollary 5.6. Let X be a perfectly normal space. If for every F,,-measurable mapping

f: X ~ Ww (i.e. f-\ U) E F"for open U) the image f(X) ~ Ww is bounded then every

subset of X is a QN-space.

Proof. Let An,m, n, m = 0,1, ... , be F,,-sets satisfying (5). By Reduction Theorem
(see e.g. [15]) we can assume that An,m n An,k = 0 for m'" k. We define f(x) = tf1

where tf1(n) = m iff x E An,m' One can easily see that f: X ~ Ww is F,,-measurable.
Thus, f(X) is bounded by some ({J E ww. Then we obtain that (6) holds true. 0

Replacing F,,-sets by elopen sets in this proof, you will obtain a proof of the
following.

Lemma 5.7. If every image f( X) of X by a continuous mapping f: X ~ W w is bounded

then the family of clopen subsets of X is weakly distributive.

Theorem 5.8. If X is a perfectly normal wQN-space, then the family of open subsets

of X is weakly distributive.

Proof. The proof is immediate by Lemma 5.7 and Corollary 4.6. 0

Hurewicz [13] investigated a property E**, which in case of a Lindelof space is
exactly the weak distributivity of open sets. Miller and Fremlin [16] showed that
every Sierpinski set has Hurewicz property. We have obtained a little more.


