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POROUS SETS AND ADDITIVITY OF
LEBESGUE MEASURE

The aim of this paper is to compare some set-theoretic cardinal character-
istics of the ideal of o-porous sets with those similar cardinals associated with
the notions of measure and category which have been extensively studied by
A. W. Miller, J. Thoda, S. Shelah, and others. We will prove that every set of
reals of cardinality less than the additivity of the ideal of Lebesgue measure
zero sets is o-porous, the real line can be covered by a family of closed porous
sets of cardinality of any cofinal family of the ideal of Lebesgue measure zero
sets and it is consistent that the minimal cardinality of a set which is not
o-porous is greater than the minimal cardinality of an unbounded family of
functions from “w. In fact, we will prove all these for the ideal of o-strongly
symmetrically porous sets.

If A is a subset of the real line R, I = (a,b) is an open interval then we
denote by A(A,I) the length of the largest open subinterval of I which does
not intersect A and A*(A, ) is the largest 6 > 0 such that (a,a+ ) U (b—4,b)
is disjoint with A. The porosity and the symmetric porosity of A at ¢ € R is
the number

p(4,¢) = limsup AMA, (c—g,c+¢€))
e—0t c

s(A, ¢) = limsup AN(A, (c—e,c+ 5))’
e—0+ £

and

respectively. We say that A is porous (resp. strongly porous, resp. strongly
symmetrically porous) if p(4,a) > 0 (resp. p(4,a) = 1, resp. s(4,a) = 1)
for every a € A. We say that A is o-porous (resp. o-strongly porous, resp.
o-strongly symmetrically porous) if it is a countable union of porous (resp.
strongly porous resp. strongly symmetrically porous) sets. See [11].

The author would like to thank professor L. Bukovsky for directing his
attention to porous sets and for valuable discussions on the subject matter of
this work.

Let us recall some notation and cardinal characteristics. By w we denote
the set of natural numbers, i.e. w = {0,1,2,...}. Each natural number is a

282



POROUS SETS AND ADDITIVITY OF LEBESGUE MEASURE 283

von Neuman ordinal, i.e. n={0,1,...,n—1},0=0and n < m if n € m
(and n < m iff n C m). Let x,y be sets. Then *y is the set of all functions
from z into y; P(z) is the power set of x, i.e. P(z) is the set of all subsets of
x; [2]<¥ is the set of all finite subsets of z; <“z = J,,c,, "z; |z| denotes the
cardinality of 2 and observe that if s € "z then |s| = n. But if I is an interval
of reals then |I| denotes the length of I.

p denotes the minimal cardinality of a family F C P(w) such that ) Fp
is infinite for every finite Fy C F' and for every infinite x C w there is y € F
such that « — y is infinite (see [2]). Since uniform ultrafilter is a such family,
p < 2%

Let (P, <) be a partially ordered set. A set Py C P is said to be cofinal in
P if for every p € P there is ¢ € Py such that p < ¢; Py is unbounded if no
element of P dominates all elements of F.

b(P, <) = min{|P|; Fy is an unbounded subset of P},

d(P, <) = min{|Py|; Py is a cofinal subset of P}.
et F C “([w]<¥), i.e. F is a family of functions from w into the family of
finite subsets of w. For f,g € F we put f < g iff g eventually dominates
f, ie. ¥®n f(n) C g(n). We use symbols V*°n, 3*°n as abbreviations for
(3m)(Vn > m), (Ym)(3n > m). We will simply write b(F), d(F) instead of
b(F, <), d(F, <). Particulary we denote b = b(“w) and d = d(“w). This is
well defined because w C [w]<¥.

Let Z C P(R) be an ideal. Let us define:

add(Z) = min{|Zo|; Zy € 7 and | JZo ¢ T} = b(Z, ©),
cov(Z) = min{|Zo|; Zy € T and | JZ, = R},
non(Z) = min{|4|; ACR and A ¢ T},

cof (Z) = min{|Zp|; Zo CZ and VA€ Z B €7y A C B} =d(Z, Q).

In the following L, K, P and S denote the ideal of Lebesgue measure zero
sets, the ideal of sets of first category, the ideal of o-strongly porous sets,
and the ideal of o-strongly symmetrically porous sets respectively. Some facts
about the ideals L and K are summarized (see [3]) in the following diagram:

covL —— nonK —— cof K —— cofL —— 2%

I I

b — d

I I

w; —— addL —— addK —— covK —— nonL
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The cardinals increase (not necessarily strictly) from south-west to north-east.
The diagram is called Cichoi’s diagram in Europe and Kunen-Miller chart in
the rest of the world.

Every porous set has measure zero and is nowhere dense. Both the ideals
P and S are included in the ideal P* of o-porous sets. F. Galvin and A.
W. Miller [5] noticed that p is the minimal cardinality of a subset of the real
line which is not a v-set. Let us recall the definition of y-set. A family A
is an w-cover of a set A if for every finite Ag C A there is V € A such that
Ay C V. Aset Ais a~v-set if for every open w-cover A of A there is a sequence
(Vs n € w) € “Asuch that X C |J,c., Nimsn Vin- L. Rectaw [10] proved that if
A C Ris a~y-set then A is o-porous. Rectaw’s proof can be slightly improved to
show that every y-set on R can be covered by countably many closed strongly
symmetrically porous sets. The natural question is how large can non(P) and
non(S) be. Of course p < non(S) < non(P) < min{non(L),non(K)}. It is
well known that p < b (see e.g. [2]) and even p < add(K) since p < cov(K)
(see e.g. [4]) and add(K) = min{cov(K),b} (see [9] or [3]). The inequality
b < non(P) is not provable in ZFC since in the generic extension by adding
wo Laver reals (see [6]), b = ws and non(L) = w;. Neither the inequality
non(S) < b is provable in ZFC (Theorem 7). On the other hand, add(L) < b
holds (see [8]) and add(L) is another lower estimate of non(S) (Theorem 3).

The inequality p < non(S) is possible because the inequality p < add(L) is
consistent. But we cannot decide whether any of the cases non(S) < non(P)
and p < non(P) < min{non(K),non(L)} is possible and what is true for
add(K) and d. Can the additivity of these ideals be greater then w;? L.
Zajicek [12] proved that P # PT and D. Preiss asks (oral comunication)
whether the ideals P and PT can be distinguished by some cardinal charac-
teristic. The question is still open.

We will need some combinatorial characterizations of add(L) and cof(L).
Let g € “w be arbitrary. Let us denote

Ly={h; h:w— [w]<* and Vn |h(n)| < g(n)},
Fy = {1 € s Tim_f(n)/g(n) = 0},
Sy ={h; h:w— [w] and Jim. |h(n)|/g(n) = 0}.

The next theorem is well known; its first part is completely proved in [1]
and the second part can be proved by using the same ideas. In fact, both can
be done uniformly at the same time. For our purpose the modification of this
theorem formulated in Theorem 2 will be more useful.
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Theorem 1. Let g € “w be monotone unbounded. Then

add(L) = min{|F|; F C“w and Vz € L, Jy € F I°n y(n) ¢ z(n)} and
cof (L) = min{|L]; L C L, and Vy € “w Jz € L Vn y(n) € z(n)}.
A function g € “w is said to be finite-to-one if the inverse image of any

finite set is finite or, equivalently, if there is a permutation 7 of w such that
g(m(.)) is monotone unbounded.

Theorem 2. Let g € “w be finite-to-one. Then add(L) = b(S,) and cof(L) =
d(S,).

Notice that it is enough to prove this theorem in the case g is monotone
unbounded. In the proof we will need the next lemma.

Lemma 2.1. Let g € “w be monotone unbounded. Then b = b(F,) and
d =d(F).

Proof. Let M be the family of all unbounded functions from w into w. M is
cofinal in “w. We will define a family F C F, cofinal in F; and mappings
a:F — Mand : M — F such that F = §(M) and

(a) if f € F then B(a(f))(n) > f(n) for all but finitely many n € w,
(b) if h € M then a(B(h))(n) > h(n) for all n.
Let us define

a(f)(n) = min{k; ¥m = k f(m) < g(m)/(n+1)},
B(h)(n) = min{k; (m+ 1)k > g(n)}, if max h(i) <n < max h(i) and

<m 1<m—+1

B(h)(n) =0, otherwise.

We will verify conditions (a), (b).

(a) Let f € F and let n € w. Then either B(a(f))(n) = 0 and then n <
a(f)(0) or there is m € w such that max;<,, a(f)(i) < n < max;<m+t1 a(f)(i).
In the latter case by the defintion of 3, B(a(f))(n) > g(n)/(m+1) and by the
definition of a, g(n)/(m + 1) > f(n) since a(f)(m) < n.

(b) Denote m = max;<pn+1 h(i). Then G(h)(m) >
definition of « implies a(5(h))(n) > m > h(n).

The mappings «, [ are monotone (with respect to eventual dominance)
and if f € F and h € M then using (a) and (b) we have:

a(f) < h implies f < B(h), and
B(h) < f implies h < a(f).

To finish the proof it is sufficient to observe that the following lemma holds: [

g(m)/(n +1). The



286 M. REPICKY

Lemma 2.2 ([3]). Let (P,<p), (Q,<q) be partially ordered sets and let
a:P—QandB:Q — P be mappings such that a(p) <g q implies p <p [(q)
forallpe P, g€ Q. Then b(P,<p) < b(Q,<g) and d(Q, <) < d(P,<p).

Proof of Theorem 2. According to Theorem 1, since every element of “w we
can identify with an element of S;, we have b(S;) < add(L) and cof(L) <
d(Sy).

Let m be a fixed one-to-one mapping from [w]<¥ into w. Let us define
several mappings:

B:F, —“w by B(f)(n) =max{m; Yk > n f(k)m* < g(k)},
0:8; —“w by d(h)(n)=mn(h(n)),

and for every f € F, let €5 : Lgy) — Sy be defined by

er(x)(n) = (J{m 7 (k); k € z(n) and |7~ (k)] < f(n)}.

If f € F, then B(f) is monotone unbounded and f - 3(f) € F,. Thus the
mappings 5 are well defined. Moreover, if f € F; and @ € Lg(5) then

if h € L; and V*°n 6(h)(n) € z(n) then h < ef(x). (%)

We will show that add(L) < b(S;). Let S C S, and |S| < add(L). Since
add(L) < b, by Lemma 2.1, there is f € F, such that S C Ly and, by
Theorem 1, there is x € Lg(f) such that for every h € S, ¥*°n d(h)(n) € x(n).
Then, by (x), h < ef(x) holds for every h € S. Therefore add(L) = b(S,).

Let 7 C F, be a family of cardinality d such that every element of F,
is dominated by an element of 7. By Lemma 2.1 such family exists. Using
Theorem 1, assign to each f € F a Ky C Ly of cardinality cof(L) such
that Vy € “w 3z € Ky V*°n y(n) € x(n). Then the family S = {ef(z); f €
F and z € K} C S, has cardinality cof(L) since d < cof(L) (see [8] or [3]),
and by (x), every element of S, is dominated by a member of S. Therefore
d(F,) < cof(L) and so d(Fy) = cof(L). O

Theorem 3. add(L) < non(S) and cov(S) < cof(L).

Proof. We will show that the ideal S contains some ideal Sm, such that
add(L) < add(Sm,) and cof(Sm,) < cof(L) and Sm, contains all single-
tons. Instead of R we can and we will confine ourselves to the closed interval
(0, 1)1.

Let us denote:

W = {p € “w; p is finite-to-one and Vn p(n) > 1}.
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If p € W then T, = {s € <“w; Vn € dom(s) s(n) € p(n)} and X, = {z €
“w; VYn x(n) € p(n)}. Let ¢, be a mapping from X, onto (0,1) defined by

i.e. the sequence z is the Cantor expansion of the real p,(z). If s € T, N "w
then I? = {p,(z); z € X, and s C z} is a closed subinterval of (0,1) of
length 1/(p(0)p(1)...p(n —1)). (Let us recall that @) is the empty sequence
and if s is a sequence of length n with values s(0),s(1),...,s(n — 1) then sk
denotes the sequence of length n 4+ 1 which extends s and s(n) = k). Thus
I = (0,1) and if [s| = n then I? is divided into p(n) intervals I, k € p(n),
with disjoint interiors and of the same length, ie. If = (J{I%: k € p(n)}
and @, (z) is the unique element of ({I7,,; n € w}. For h: T, — [w]< let
us denote h*(n) = sup{|h(s)|; s € T, N "w}. Notice that h*(n) < co. Let
H, ={h : T, — [w]*¥; lim, .o h*(n)/log(p(n)) = 0}. For p € W, h € H,
and m € w put

pon =12 € Xp; Vn > m z(n) € h(z[n)},

A:)'?h = (pp(X;Th) and APJL = U A:)Y,Lh'
mew
A set A C (0,1) is said to be p-small if A C A, for some h € H,. Let
Sm, denote the family of all p-small sets. Sm,, is an ideal since the set H,
is upward directed (in the ordering f < h iff f(s) C h(s) for all but finitely
many s € T,) and f < h implies A, ; C A, for f,h € H,. Since for every
x € X, there is an h € H, with z(n) € h(z[n) for all n, Sm, contains all
singletons. O

Lemma 3.1. For each p € W, add(L) < add(Sm,) and cof(Sm,) < cof(L).

Proof. For every A € Sm, fix some a(A) € H, such that A C A, ,(a)
Then a(A) < h implies A C A, . By Lemma 2.2, b(H,) < add(Sm,) and
cof(Sm,) < d(H,). Since the function

g1(s) = “the greatest integer lower than log(p(|s|))”, forseT,
is finite-to-one, H, = {h : T, — [w]|<¥; lim|5 o h(s)/g1(s) = 0} and |T,| = w,
H, corresponds to some S, with a g finite-to-one and b(H,) = b(S,) and
d(H,) = d(S,) and so Theorem 2 concludes the proof. O

Lemma 3.2. For every p € W, Sm, C S.
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Proof. Let h € H, be arbitrary. We will prove that A, j is o-strongly symmet-
rically porous. Smce A™ b = A g for some g € H), it is enough to show that
A= AO - is strongly symmetrlcally porous. Let a = ¢,(x) be an arbitrary
clement of A. We will show that s(4,a) = 1.

Let m € w be arbitrary. Let us denote k() = 4h*(i)+1. Thereisn € w such
that [I7,, | < 1/m and (2m+1)*™) < p(n) since lim,, . h*(n)/log(p(n)) = 0.
Denote k = k(n). Let v = {—m,—m +1,...,m —1,m}. Then |v| = 2m + 1.
Let {J;; t € U;<; "v} be a family of closed intervals such that if » = 070"...70
(k times) then J, = I? tngnys Jt = U{Jrji J € v} whent € iy for i < k and the
intervals Jgy, j € v have disjoint interiors, the same length and Ji~; is on the
left of Ji~j41. Thus |Jy| = |J.|(2m + 1)k < |J,|p(n) = |17},,|. Therefore, there
is s € Tp, |s| = n such that If, I}, are neighboring intervals and they cover
JpN (0, 1) jointly. Each interval J; C (0,1) with |¢| = k is an interval I? for some

s, |s| =n+1. If s € T, |s| = nthen A intersects at most 2h* (n) intervals among
I g’ > @ € p(n) (neighboring intervals have non-empty intersection). Therefore,
A intersects at most 4h*(n) < k intervals among Ji, |t| = k. Let us denote
Ji = Jppi for i < k. Then J;11 C J; have the same centre, |J;| = (2m+1)|J;41]
and for some i < k, AN (J; — Jiy1) = 0. Fix such an i and put € = m|J; 1|
Then € < |Jy| < 1/mand AN (a—e,a+¢e) C ANJ; C Jiy1. That is why
A (A,(a—¢),a+¢€)) > e—|Jiz1] = (1 — 1/m)e. Since m was arbitrary,
s(A,a) = 1. This concludes the proofs of the lemma and Theorem 3. O

Corollary 4. FEvery subset of the real line of cardinality less than add(L) can
be covered by countably many closed strongly symmetrically porous sets and the
real line can be covered by cof(L) closed strongly symmetrically porous sets.

Proof. The sets Azh are closed strongly symmetrically porous. O

Both p and add(L) are lower estimates of non(S), but neither of them is
better than another since the next two consistencies hold:

Con(add(L) < p). Start with CH (in the ground model) and iterate forcing
wy times with o-centered partial orders of size w;. In the generic extension,
p = ws and, because no random real is added, cov(L) = wy.

Con(p < add(L). Start with w; < 2 < 2! and 2¥ is a regular cardinal
number. Let K = {f € “w; ) ., 1/f(n) < 1} be ordered by f < g iff
Vn f(n) < g(n) (f is stronger than g). K is a c.c.c. notion of forcing (see 33C
of [4]). In the generic extension by KC, all the convergent series of the ground
model are majorized by the generic series. Iteratively, with finite support, add
2% generic series. In this extension w; < 2% < 2“! remains true and so p = w;
(see [2]), and any family of less than 2% convergent series is majorized by a
single convergent series and so add(L) = 2 (see [1]).
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It is consistent that cof (L) < 2 (see [9]). Thus it is cosistent that cov(S) <
2%,

A C (0,1) is said to be small if it is p-small for some p € R. We have
already shown that every small set is o-strongly symmetrically porous. The
next theorem strengthens the Reclaw’s result [10].

Theorem 5. If A C (0,1) is a y-set then A is small.

Proof. Let A C (0,1) be a y-set. We will find p € R and h € H, such that
A C A,p. Let o(n) = 27’ Let us fix a sequence (yn; n € w) of distinct
members of A. For every n € w and B € [A]" let

9(B) ={s € Ty; |s| =n and BN I # (}.

Of course |g(B)| < 2n since each © € A can be in two neighboring I7. Let
V(B) =Int|J{I7; s € g(B)}; BC V(B). Let A, = {V(B) — {yn}; B € [4]"}
and let A = (J,c,, An. A is an open w-cover of A. Therefore there is a
sequence (Vi; k € w) € “Asuch that A C J,,c, Npsm V- Since y,, € A, only
finitely many sets Vi, may belong to A,,. Thus we can assume that from every
family 4,, at most one element was chosen. Let ng, k € w be an increasing
sequence of natural numbers such that ng = 0 and Vi, € A, and V, C V(By)
for some By with |By| = ng for k > 0. Let II; be the family of all functions
s with domain {i € w; ny < ¢ < ng41} such that s(i) € o(i) for all 4, ie.
I = [[{o(i); nk <i < ngy1}. Put p(k) = |Hg|. For s € I, let

m(s) =Y {s(m)o(n+1)o(n+2)...o(ne — 1); np < n < npa }.

It is not dificult to verify that 7 is a one-to-one function from IIj onto p(k).
Moreover, if z € X, and y € X, is defined by y(k) = m(z[(ng, nk+1)) then
vo(x) = @p(y). For s € T,, |s| = k let us define

h(s) = {n € p(k); 7 ' (s(0)) U+ Um Ly (s(k — 1)) Umy (n) € g(Brya)}-
Then h*(k) < 2nj41 and
Tim 1% (k) log(p(k)) < lim 2njcer/log(o(niy — 1)) =0

and so h € H,. For every B € [A]" and n € w if ¢,(z) € V(B) then z|n €
g(B). Therefore we have: (5, Vixr © Mgz, V(Brt1) € ¢o({z € Xo3
Vk > m xngy1 € 9(Brv1)}) = ¢p,({y € Xp; VE > m y(k) € h(ylk)}) = AT,
and so A C A, . O

Theorem 6. Let k be a cardinal number such that k¥ = k. Then there is
a generic extension in which 2 = k, b = w; and non(S) = cov(S) = cf(k).



290 M. REPICKY

Moreover, in this generic extension every subset of the real line of cardinality
less than cf(k) can be covered by countably many closed strongly symmetrically
porous sets and the real line can be covered by cf(k) closed strongly symmetri-
cally porous sets.

In the proof of this theorem we will use the notion of forcing introduced
by J. I. Thoda and S. Shelah [6]. It is called the meager forcing:

For 7 C <*2 denote n(r) = sup{|s|; s € 7}. Let T be the set of all 7 C <«2
such that:

(i) n(7) < w,
(i) if s € 7 and k < |s| then s[k € T,
(i) if s € 7 and |s| < n(7) then SO €T or s1 € 7.

ForreTlet [r]={z €“2; zIn(r) €7} and 7 = {s € 7; |s| = n(7)}. The
meager forcing is the set M = {(7, H); 7 € T and H is a finite subset of [7]}
ordered by (7, H) < (0, K) if 7 =7N"™?)2 and K C H.

For each n € w let D(n) be the set of all conditions (7, H) € M such that
I7] < (n(1) —n)/n.

Lemma 6.1. For each n € w, D(n) is a dense subset of M.

Proof. Let (0, K) € M be arbitrary. There are integers k, m such that n(r) <
m < k, all z|m for € K are different, and 2™ < (k — n)/n. Choose 7 € T
such that n(7) = k, 70™?)2 =7, and [7| = |"2N7| (i.e. every s € ™2N7 has
exactly one extension in 7). Then (7, K) < (0,K) and (7, K) € D(n) since
7| <2m. O

Lemma 6.2. In the generic extension over the meager forcing, the set of
reals of the ground model can be covered by countably many closed strongly
symmetrically porous sets.

Proof. To prove the lemma it is enough to show that the set of reals of the
ground model is p-small for some p in the generic extension (see the proof of
Lemma 3.2).

Let G C M be a V-generic filter over M. We are working in V[G]. The
generic tree S = |J{7; (1,0) € G} has no endpoints and (7,0) € G iff 7 =
o(n(r)) where o(n) = {t € S;|t| < n} for n € w. The set C = {z €
“2; ¥n xIn € S} of all branches of S is a closed nowhere dense subset of “2
and for every € “2NV there is y € C such that z(n) = y(n) for all but
finitely many n € w.

By Lemma 6.1, we can find in V[G] an increasing sequence ny, k € w of
integers such that ng = 0 and ni4; = min{n > 2ny; (o(n),0) € D(ny)}. Let
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us define p(k) = 2™+17" Of course p € W. For every k let 7, be the one-to-
one function from (*+"#+1)2 onto p(k) which is defined in the proof of Theorem
5 (for 0 = 2). Let H*(k) = {n € p(k); (3t € ™2) tUnm, ' (n) € o(nks1)}
and let h(s) = h*(|s|) for s € T,. Since (o(ng41),0) € D(nk) we have:
27 (k)| < lo(nk41)] < (g1 — i) /ni and so limg.oc 27 (K)|/ log(p(k)) = 0.
Therefore h € Hp,.

Atlast (0, 1)NV = @o(“2NV) C pa({z € “2; Jy € CV*°nz(n) =y(n)}) C
p2({z € “2; vk 3t t U x[{ri, nier1) € o(nit1)}) = @o({y € Xp; vk y(k) €
Bylk)}) = Ay € Sm,,. O

Lemma 6.3. The predicate “y codes a closed strongly symmetrically porous
set” is 113 .

Proof. Let {r,; n € w} be some standard enumeration of the set of all rational
numbers. Let y € “*“2. Then y codes a closed strongly symmetrically porous

set C, C =R —J{(ri,7j); y(i,j) =1} iff

(Va € R)[(Vi,7)(y(i,4) =1 — a & (ri,75)) —

(Vn € w)(Fi1, 2,71, J2,4,5 € w)(y(i1, 1) = y(i2, j2) = 1 and
0<r;<r; <1l/nand (r; —r)/r; > (n—1)/n and
(a—rj,a—1;) C(riy,rj,) and (a+7ri,a+175) C (riy,75,)))-

O

Proof of Theorem 6. Let k be an arbitrary cardinal number such that k¥ =
k > wi. Let M, be a finite support iteration of the meager forcing M of
length a, @ < k. Let G be a V-generic filter over M,;, and let G, be the
restriction of G to M. On every step a + w, a Cohen real ¢, is added and no
function from V[G,, ] dominates all functions of the family F = {co; o € w1 }.
Since finite support iterations of M preserve unbounded families (see [6]),
the family F remains unbounded and so b = w; in V[G]. By c.c.c. of M,
V and V[G] have the same cardinals and cofinalities. One can easily verify
(using c.c.c. and |M| = 2¢) that 2* is k in V[G]. Let X € V be a cofinal
subset of k of cardinality cf(k). The set A = {co; @ € X} is not of first
category and so A ¢ S and non(S) < cf(k). Similarly, the set A cannot be
covered by less than cf(k) sets of first category. Therefore cf(k) < cov(S).
For « € X let us denote R, = RNVI[G,]. Then R = |J{Ry; @ € X}
and R, € Rg whenever o < 3. By Lemma 6.2, for every o € X there
are countably many closed strongly symmetrically porous sets By, n € w
in V[Goy1] which cover Ro. Let B}, be the closed set in V]G] with the
same code as B, , has. Then by Lemma 6.3 and by Shoenfield’s absoluteness
lemma (see [7]), B, are closed strongly symmetrically porous in V[G] and

a,n
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B}, N V[Gay1] = Ban. This proves cf(x) < non(S) and cov(S) < cf(x).
Therefore non(S) = cov(S) = cf(k). O

In the opinion of the referee and also of me it should be interesting to know
if the last theorem is true when instead of meager reals we iterate eventually
different reals (and Hechler reals respectively) (see [9]).
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